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Abstract. In his earlier preprints the author offered a program of generalization of 
Kolyvagin's result of finiteness of SH to the case of some motives which are quotients 
of cohomology motives of Shimura and Drinfeld varieties. The present paper is 
devoted to the first step of this program — finding of an analog of Kolyvagin's trace 
relations. We solve it for Siegel sixfolds and for the Hecke correspondences related to 
the matrices diag(l, 1, \,p,p,p) and diag(p, 1, l,p,p 2 ,p 2 ). This is the first non-trivial 
case for Shimura varieties. Some results for other types of Siegel varieties and Hecke 
correspondences are obtained. 

Ideas and methods of the present paper open a large new area of research: results 
given here constitute a tiny part of what can be done. Particularly, maybe it is 
possible to realise for Drinfeld varieties of any even rank the program of generalization 
of Kolyvagin's result. 



Contents. 

1. Introduction and detailed description of results. 

1.1. Statement of result, and justification of the subject. 2 

1.2. Kolyvagin's trace relations. 4 

1.3. Definitions related to Hecke correspondences. 5 

1.4. Definitions related to partitions. 6 

1.5. Contents of Section 3: Case % v = T p . 7 

1.6. Contents of Section 4: Case T p = T p i . 9 

1.7. Contents of Section 5: Miscellaneous. 11 

1.8. Conjectures and possibilities of further investigation. 11 

Section 2. D-equi valence. 12 
Section 3. Case of Hecke correspondence T p . 

3.1. Definition of V. 16 

3.2. Preliminary notations and lemmas. 16 

3.3. Finding of D-equivalence and of the field of definition. 18 

3.4. Finding of the degree of the second projection. 22 



1991 Mathematics Subject Classification. Primary 14J35; Secondary 11C99, 11G25, 11Y99, 
13F20, 14N99, 14M12, 14M15, 15A99. 

Key words and phrases. Kolyvagin's trace relations, Siegel sixfolds, Hecke correspondences. 

The author is grateful to A. Zelevinskij who indicated him the proof of the Lemma 4.1.12, and 
to Th. Berry for linguistic correstions. 



Section 4. Case of Hecke correspondence T Pji . 



4.1. Some matrix equalities. 

4.2. Finding of D-equivalence and of the field of definition. 



27 
31 



Section 5. Miscellaneous. 



5.1. Structure of T Pt2 (V). 

5.2. Action of T p on components of T P (V). 

5.3. A theorem on a weak "equivalence" relation. 

5.4. Non-coincidence of components of T Pj i(V). 



37 
40 
42 
47 



1. Introduction. 

1.1. Statement of result, and justification of the subject. 

Kolyvagin ([K89] and subsequent papers) proved fmiteness of Tate-Shafarevich 
group and of group of rational points of modular 1 elliptic curves over Q of analytic 
rank 0. There is a natural problem 

(*) To generalize this result to the case of some submotives of high-dimensional 
Shimura varieties and/or Drinfeld modular varieties. 

The present paper is devoted to generalization of the first step of Kolyvagin's 
proof — trace relations for Heegner poins (see (1.2.1)) - - to the case of Siegel 
varieties of genus 3 (some results are valid for any g). 

Remark. The author offers in preprint [L04.2] a program of proof of (*) for 
Shimura varieties, he solves in this paper some further steps of the proof and in- 
dicates the obtacles. The results of the present paper and of [L04.2] give some 
evidence that maybe we shall be able to extend Kolyvagin's result to the functional 
case. 

The subject of the present paper is the following. Let X be an irreducible 
component of a Shimura variety of a fixed level, V C X its Shimura subvariety and 
T p a p- Hecke correspondence on X (p is a prime fixed throughout the paper). We 
get some information on the structure of % P (V) (which a priori is a cycle on X) 
for the case when X is a Siegel variety of genus g, V its subvariety corresponding 
to a reductive group GU(t,$), t + s = g (points of V parametrize abelian g-folds 
with multiplication by an imaginary quadratic field K) and T p = T p or T p ^ (see 
(1.3.1) for the definition). Namely, we find (roughly speaking) the set of irreducible 
components of % p (V), their fields of definition and Galois action on them. The 
results are complete for the case % p = T p , g = 3 and near to complete for any g. 
For the case % p = T Pt \ only the general components are described completely. 

The answers are given in terms of geometry of the finite set % p (t), where t E V 
is a generic point. % p (t) is some kind of Grassmann variety, see (1.3.4), (1.3.6). 
We introduce 2 partitions D and I of ( = equivalence relations on) % p (t): roughly 
speaking, two points of T p (£) are equivalent iff they belong to the same irreducible 
component of % p (V), see 1.4, 2.8 for the exact definitions. We get a simple de- 
scription of these partitions D and I in terms of geometry of % p {t). Namely, we 



1 After 1999 we can omit the word "modular" but in 1989 the Taniyama-Shimura conjecture 
was not proved yet. Modularity of the elliptic curve is used essentially in Kolyvagin's proof. 

2 



introduce in 1.5 elementary "geometric" partitions 3D, S) on % p (t), and we describe 
D, I and the Galois actions on the set of parts of I in terms of H), fj. Results for the 
case T p = T p are given in subsection 1.5 (theorems 3.3.1, 3.3.3, 1.5.3, conjectures 
1.5.4, 1.5.6, 1.5.7), and for the case T p = T P; i in subsection 1.6 (conjecture 1.6.3, 
theorems 4.2.15, 4.2.19, conjecture 4.2.20). 

The structure of calculations shows that we have a deep and beautiful theory. 
It is easy to get an algebraic criterion of equivalence of points of T p (t) (Theorem 
2.16; see also (3.3.1.3) for its explicit form), but it is not clear how to solve the 
corresponding equations. Paper [L01] contains a solution of this problem for Siegel 
varieties of genus 2. Its method is based on explicit formulas for the image of 
GU(1, 1) in GSp4,. These formulas do not exist for g > 2. 

Nevertheless, application of the crucial formula (3.3.1.4) permits us to solve the 
problem for the simplest Hecke correspondence X p = T p uniformly for all g (for a 
generic equivalence class) much easier than it was made in [L01] for g = 2. 

Situation for other Hecke correspondences X p = T p i is more complicated. For- 
mulas (4.2.3) (analogs of (3.3.1.4) for T p>i ) permit us to reduce the problem of 
finding of a generic equivalence class to solving of equations (4.2.15.10 - 4.2.15.12) 
which look rather hopeless from the first sight. 

But here we get the second wonder: the equations can be greatly simplified! 
The process of their simplification reminds assembling a puzzle when different parts 
unexpectedly and beautifully fit together. For example, sometimes in the process of 
proof it was seen that if some polynomial P belonged to an ideal 3 of Q[Xl, ...,X n ] 
then the calculations would be much simpler. Since in this situation nature is 
benevolent for us, I concluded that P must belong to 3. It was absolutely not seen 
beforehand. I used a computer program; yes, computer shows that P G 3. Later it 
was possible to prove (without computer) that really in all cases Pel 

The reader can tell that if a problem has a simple answer then formulas that 
appear in its solution do simplify. But 

We do not know beforehand that our problem has a simple solution! 

Really, when we consider a problem and try to generalize it (increasing dimension 
of objects for example) it can happen that formulas become more and more com- 
plicated, and no general idea is seen. So, the most important information obtained 
in the present paper is the following: the problem of finding of generic components 
of Xp(V) is solvable (to find a solution — if we know that it exists — is an easier 
task) . 

And what happens with non-generic components? I do not know. For the case 
Z p = T p there is Conjecture 1.5.4 which gives us the complete answer. Without 
doubt, for any fixed genus g and the rank j of some auxiliary matrix, there exists 
a proof of conjecture 1.5.4 similar to the proof of the theorem 3.3.4 (case g = 3, 
j = 2). But does exist a uniform proof for all g, p. 

If T p = T P) t then the situation is worse. Practically, for non-generic components 
of %p(V) I can work only "modulo p" but not "modulo p 2 " , see Section 5.3. Does a 
simple description of equivalence classes for this case exist? If not, what is possible 
to tell about asymptotics of the quantity of irreducible components, etc.? 
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It is interesting that situations for different Hecke correspondences are quite un- 
similar. Because of applications to (*), we are interested to consider irreducible 
components of % P (V) which are defined over the p-ring class field of A (good com- 
ponents) while components which are defined over A (bad components) generate 
obstacles. For the case T p = T p the generic components are good and the special 
ones are bad, for T p = T Pj i (g = 3) the situation is (roughly speaking) inverse, and 
for T p = T P; 2 there is no good components at all. What is a non-formal explanation 
of this phenomenon? 

Finally, the subjects of [L04.1], [L04.2] and of the present paper open a large 
area of investigation, see introduction to [L04.2] for a discussion of possibilities of 
investigation of high level, and Subsection 1.8 of the present paper. It would be 
very important to generalize these results to the functional case. 

The rest of Section 1 contains definitions (subsections 1.3, 1.4) and statements 
of the main theorems and conjectures (subsections 1.5, 1.6). 

1.2. Kolyvagin's trace relations. 

Let us give definitions for the original Kolyvagin's case. Let N be a level, 
Xq(N) = Tq(N)\H the compactification of the modular curve of level N, K = 
Q(v^— A) an imaginary quadratic field. In order to simplify the notations and 
proofs, we consider only the case when h(K) = 1, although this restriction is not 
essential. Sometimes when we use notation A 1 — the Hilbert class field of A - 
this means that the corresponding result is valid for any A. 

Recall the definition of Heegner point (see for example [GZ86], [K89] for the 
details). Points t of the open part of A (A) are in one-to-one correspondence with 
the isogenies of elliptic curves ip t '■ M — * A' t such that Ker ip t = Z/NZ. A point 
t G Xq(N) is called a Heegner point with respect to A if both At, A' t have complex 
multiplication by the same order of A. A Heegner divisor is a Galois orbit of a 
Heegner point; Heegner divisors are exactly O-dimensional Shimura subvarieties of 
X (N) in the sense of Deligne ([D71]). If all prime factors of N split in A then for 
a given A there exists a "principal" Heegner point x\ G Ao(A)(AT 1 ). 

The main object of the present paper is a prime p. We restrict ourselves to 

the case p ^ 2 is inert in AT, i.e. (^r) = case P s P n ^ s m K ^ s mucn 

more complicated technically, see for example [L01] where for g = 2 it is treated 
completely. Further, we consider only p such that p does not divide N. Recall 
that K p — the ring class field of K of conductor p — is an abelian extension of K 
corresponding to some subgroup in the idele group Ik of A, see for example [K89] 
for the exact definition. We have: K p /K is ramified only at p, and Gal (K p /A 1 ) = 
Z/(p+l). 

There are 2 objects associated to p: a Heegner point x p G X (N)(K P ) and the 
p- Hecke correspondence T p on X (N). We have a formula (equality of divisors on 
A, case h(K) = 1): 

T p (xi) = Tr KP/K (x p ) (1.2.1) 
(Kolyvagin's trace relation for A (A) ([K89])). 

We can consider (1.2.1) as a description of the action of T p on x\ where x\ is 
an irreducible component of a O-dimensional Shimura subvariety of X. So, for a 
triple A, V, 1 P of (1.1) a high-dimensional analog of (1.2.1) is the description of 
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the cycle % p (V). Namely, this cycle is a formal sum of irreducible components of 
some other Shimura subvarieties of X. The problem is to describe the structure 
of % p (V), particularly its representation as a formal sum of Shimura subvarieties, 
their irreducible components and Galois action on them. 

1.3. Definitions related to Hecke correspondences. 

We consider the case X is a Siegel variety of genus g of any level N, so the corre- 
sponding algebraic group G is GSp2 g (Q). The algebra of p- Hecke correspondences 
on X is the ring of polynomials with g generators denoted by T p , T Pj i, . . . , T Pj9 -i. 
They are double cosets corresponding to the diagonal matrices t p , t P) i, . . . , Tp j5 _i 
respectively, where 

t p = diag ( l^^l , 

g times g times 

and r p ,i = diag (jv^p, V^J, ,P, • ,P, f , • ,P 2 ) (1.3.1) 
i times g-i times i times g-\ times 

i = 0, ... ,g. (Caution: here and below notations of the present paper are other 
than in [L04.1], [L04.2]). We have: T P:9 is the trivial correspondence, and T P;0 G 
%>[Tp, T Pj i, . . . , T Pj g-i\. 

Let us recall various interpretations of T p , T Pt {. Let us consider the double cosets 
rr p r, Tr Pi iT (where V = GSp2 g i^ p )) and their decomposition as a union of ordinary 
cosets 

Tr p r= |J Taj, rr P)i r= |J Va, (1.3.2) 

jee(g) jee( g ,i) 

where &(g), &(g,i) are the (abstract) sets of indices and aj G GSp2 g (Q) nM 2g (Z) 
are representatives. We use for our calculations the explicit sets of these repre- 
sentatives described in [L04.1], Section 2.3 for % p = T p and in Section 2.4 for 
X p = T Pj i. These sets will be denoted by S(g), S(g, i) respectively, i.e. j i— > aj is an 
isomorphism &(g) -> S(g), &(g,i) -> S(g,i). 

For a generic t £ X the set T p (t) (resp. T p ^(t)) is in 1 - 1 correspondence with 
&(g) (resp. &(g,i)). Let A t be the abelian g-fo\d corresponding to t. (A t ) p — the 
group of p-torsion poins of A t — is a 2(7-dimensional vector space over F p endowed 
with a non-degenerated skew form B coming from a Riemann form on At. 

(1.3.3) The set T p (t) (and hence &(g)) is in 1 - 1 correspondence with the 
set of .B-isotropic (7-dimensional subspaces in (A t ) p . We denote this variety by 
Gi(g,2g)(¥ p ) = Gi(g, (A t ) p ) (Gi means the isotropic Grassmannian) . So, for the 
case T p = T p we have identifications 

T p (t) = 6(g) = S(g) = Gj(g, 2g)(¥ p ) = G^g, (A t ) p ) (1.3.4) 
For a G S(g) we denote by 

W a C (A t ) p (1.3.5) 



the corresponding isotropic F p -subspace. 
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Analogously, for t G X, % p = T P)i , the set T Pji (t) is isomorphic to a generalized 
Grassmannian Gi(i, g,2g) over F p (see 1.6.1 for the definition); it is a scheme over 
Z/p 2 Z. The analog of (1.3.4) is 



1.4. Definitions related to partitions. 

We consider a generic point t G V. In this case X p (t) C X P (V), and the structure 
of X P (V) as a union of Shimura subvarieties defines various partitions of ( = equiv- 
alence relations on) X p (t) and isomorphic sets given in (1.3.4), (1.3.6). Roughly 
speaking, 2 points of % p (t) belong to the same partition set ( = equivalent) iff they 
belong to the same Shimura subvariety. So, we must describe these partitions. It 
turns out that (roughly speaking) partition sets are subschemes of % p (t). 

The problem of finding partitions on T p (t) can be formulated in terms of algebraic 
groups G, Gy over Q associated to J, V respectively. Definitions of 3 different 
types of partitions are given in [L01], Section 4 in terms of equivalence relations on 
% p (t) (S of [L01] is % p (t)). We shall treat in the present paper only 2 partitions: 

(a) the strong equivalence of [L01]: 2 points of % p (t) are strongly equivalent 
( -<=>- belong to the same partition set of strong partition) iff they belong to the 
same irreducible component of % P (V). See [L01], 4.1 for the explicit formulas. For 
brevity, we call strong partition by I-partition (I of irreducible). 

(b) D-equivalence: 2 points of % p (t) are D-equivalent ( •<=>- belong to the same 
partition set of D-partition) iff (roughly speaking) there exists a Shimura subvariety 
(in the sence of [D71]) of Z P (V) containing both these points (see 2.8 for the exact 
definition). This partition was not considered in [L01]. 

Theorem 2.16 gives us a criterion of D-equivalence. 

(1.4.1) We introduce some notations related to I- (resp. D-)partition of S(g) 
(resp. S(g, i)). To avoid overuse of the word "respectively", we give these notations 
only for the Hecke correspondence T p ; notations for T P)i are similar. The set of parts 
of the partition will be denoted by Si(g) (resp. So(g)), it is the quotient set of S(g) 
by the I- (resp. D-) equivalence relation. For a G S(g) we denote the corresponding 
element of the quotient set by 1(a) (resp. D(a)). For k G Si(g) (resp. k G Sn(g)) 
we denote the corresponding subset of S(g) by S(g)k (i.e. S(g)j^ (resp. S(g)r>^) 
is the set of elements of S(g) which are I- (resp. D-)equivalent to a). The irreducible 
component of T P (V) (resp. the Shimura subvariety of T P (V), see Section 2 for the 
exact description of this object) that corresponds to k will be denoted by T p (V)k- 
Particularly, for a G S(g) the irreducible component of T p (V) (resp. the Shimura 
subvariety of T p (V)) that corresponds to a will be denoted by T p (V)i^ (resp. 



(1.4.2) Clearly I-partition is stronger than D-partition. For k G So(g) we denote 
by ki the set of parts of I-partition that are contained in S(g)k- Let k± G ki C Si(g) 
be an element, the field of definition of T p (V)k 1 and Lk the reflex field of T p (V)k- 
According [D71], Gal (Lk) acts simply transitively on fcj (this action comes from the 
action of Gal (Lk) on the set of irreducible components of T p (V)k), and Gal (L^) 
is the stabiliser of k\. 



T p , i (t) = e(g,i) = S(g,i) = G I (i,g,2g) 



(1.3.6) 



T p (V) D(a) ). 
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We shall study mainly the D-partition, and only 3 conjectures (1.5.6, 1.5.7 and 
4.2.20) are concerned to I-partition and the above Galois action. 

Because of applications to [L04.2], we shall be interested mainly by the case of 
T p for any g and of T p>1 for (7 = 3. 

1.5. Contents of Section 3: Case % p = T p . 

Here we formulate theorems and conjectures for the case % p = T p . We introduce 
a D-partition of the sets of (1.3.4) (D because of dimension) which has a simple 
geometric definition, and we describe relations between D-partition and I- and D- 
partitions. 

The set of parts of D-partition is indexed by even numbers j , g < j < 2g. 
The definition of Dj — the j-th part of D-partition of S(g) = Gi(g, (A t ) p ) is the 
following. Recall that V is a Shimura variety of PEL-type parametrizing abelian 
g-folds with multiplication by K. The exact definition of V is given in Subsection 
3.1. Since p inert in K, we have Ok/p = F p 2. Let t be a generic point of V. 
Action of Ok on A t endows (A t ) p by the structure of F p 2-module. Let a G S(g) be 
any element and W a C (A t ) p from 1.3.5. ¥ p 2W a is a F p 2-subspace of (A t ) p whose 
Fp-dimension can take any even value from g to 2g. We define 

D, = {a G S(g) | dim Fp (F p2 ^ CT ) = j} (1.5.1) 

Most of below theorems are proved only on the open part of Gi(g, (A t ) p ) (see 
(3.2.1)) denoted by Gj(g, (A t ) p ) open ] the corresponding open subset of S(g) is de- 
noted by S(g) open . The exact statement of what is proved is given in the body of 
the paper; here we give the statements of these theorems in their complete form. 
We mark these theorems with (*) and we leave the number of this theorem in the 
body of the paper. Further, we give here statements of some theorems whose proof 
is not given at all, because it is elementary. We mark these theorems with (**). 

Remark 1.5.2. Since the below theorems are not proved completely, formally 
they should be formulated as conjectures. Absolute evidence that they are true (and 
moreover that their complete proof is a routine work) comes from consideration of 
some particular cases. For example, I made complete calculations for the case g = 2; 
they are so large and so elementary, that there were no meaning to include them 
in the text of [L01] (see Proposition 6.3.7, (d)). 

So, the problem of complete proof of the theorems (*) and (**) can be considered 
as an exercise for those who will continue these investigation. See Remark 3.3.2 
and 1.8, (1). 

Let a G S(g) open . We can associate it a matrix T(a) G M g (Z) (see 3.2.2) and 
T(a) G Mg(¥ p ) — its reduction modulo p. It has the following property: 

(*) Lemma 3.2.3. If a G T)j then rank T(a) = j - g. 

(*) Theorems 3.3.1, 3.3.3. If g is odd then D2 3 is a D-partition set. If g is 
even ^ 2 then T>2 g is a union of two D-partition sets: 2 elements cr^, aj G D2 g are 
D-equivalent iff the ratio det T(crj)/ det T(aj) is a square in F*. 

Theorem 3.3.5. If g is odd then all components of T p (V) do not coincide with 
V itself. 
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(**) Theorem 1.5.3. If g is even then D g is a part of D-partition, and moreover 
it is the only part such that the corresponding component of T p (V) is V itself. 

For j 7^ g, 2g we have only a 

Conjecture 1.5.4. D-partition of S(g) is a subpartition of its ©-partition. 2 
elements crj, e Dj are D-equivalent iff quadratic forms over ¥ p defined by the 
matrices T(&i), T(dj) are isomorphic up to multiplication by a scalar. 

Remark. The theory of quadratic forms over finite fields shows that Conjecture 
1.5.4 implies that if g is odd then D-partition coincide with ©-partition, while if g 
is even ^ 2 then each Dj consists of two parts of D-partition. 

Parts of D-partition that are contained in 2) 2 g are called the good parts, the 
only part consisting of D g is called the trivial part, and parts that are contained 
in Dj, j 7^ 2(7, are called the bad parts. The corresponding components of T p (V) 
have the same names. 

(*) Theorem 3.3.4. Conjecture 1.5.4 is true for g = 3, (t,s) = (2, 1). 

(*) Corollary. For g = 3, (t, s) = (2, 1) there exist 1 good component of T p (V), 
1 bad component and no trivial components (i.e. equal to V itself). 

(*) Theorem 3.3.6. For any g, any r=^s the field of definition of any irreducible 
component of a good component of T p (V) is K p . 

(**) Theorem 1.5.5. For all r, 5 the restriction of I-partition on all bad parts 
of D-partition is trivial (i.e. consists of one part). If r = 5 then the same is true for 
good parts as well. The field of definition of all mentioned components is K 1 . 

Now let us formulate conjectures on I-partition. If an irreducible component of 
T P (V) is defined over K 1 then the corresponding part of I-partition is also a part 
of D-partition. So, we need only to describe I-partition on the set &2g- 

There exists the Pliicker embedding <£: G I (g,2g)(¥ p ) ^ G(g,2g)(¥ p ) ^ 

P m (¥ p ) where m = - 1. <£(©,) C ¥(S(g)) C <P(G 7 (<7, 2g)(¥ p )) C P m 

are some kind of determinantal varieties in P m . 

Remark 3.2.5. ^(U^ 2 ^) - - the union of all bad parts (and the trivial 
part for even g) — is the intersection of ty{Gi{g,2g)) with a codimension 2 linear 
subspace P2 of P m . 

This intersection is an analog of the conic line C of the case g = 2 (see [L01], 
Theorem 0.7; Section 3, Figure 1). 

We consider the set of hyperplanes in P m containing P2; this set is isomorphic to 
P 1 (¥ p ). Intersections of ©2g with these hyperplanes form a partition of ©23 which 
we denote by ft (partition of hyperplane sections) . 

Conjecture 1.5.6. The restriction of I-partition on I©2g is the intersection of 
^-partition with the restriction of D-partition on £>2 S - 

Particularly, for g 7^ 2 any part of D-partition in H>2 g contains p + 1 parts of 
I-partition which are indexed by elements of P 1 (¥ p ). 
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Conjecture 1.5.7. The action of Galois group Gal (Rp/K 1 ) = ¥* 2 /¥* on the 
set of parts of I-partition that are contained in any fixed part of D-partition on D2 g 
coincides with the natural action of Gal (K p /K 1 ) on P 1 (F P ). 

Remark 1.5.8. I think that the proof of Conjectures 1.5.6, 1.5.7 can be got 
easily using the same ideas as the ones used in proofs of other theorems of the 
present paper. For the conjecture 1.5.6 this opinion is based on the analogy with 
the case g = 2 (see [L01]). Lemma 3.2.8 and Remark 3.2.9 give an argument in 
favor of Conjecture 1.5.7 for odd g. I think that the conjecture 1.5.7 is true also 
for even g because we cannot imagine any other Galois action. 

(1.5.9) To formulate the remaining theorems of Section 3, we need to quote 
some definitions of [L01], Section 3 (slightly changing notations): 

A restriction of a Hecke correspondence T p to V can be considered as a linear 
combination of correspondences %v,% = ^p,v,i between V and subvarieties V, C X: 



where i runs over the set of classes of I-equivalence, pi are multiplicities. 

Some subvarieties Vi can coincide but all %v,i are ? by definition, 

different. We denote the graph of %v,i by T v ,i C VxVi and projections T v ,i — > V, 



by 7Ti = 7Tv,i,l, 7T 2 = TT V ,i,2- 

The degree of ti 2 is an important invariant of the corresponding component of 
% P (V), because it enters as the multiplicity in the Abel-Jacobi map. For % p = T p 



(*) Proposition 3.4.1. For any g the degree of n 2 for any good component is 

1. 

Proposition 3.4.3. For g = 3 the degree of n 2 for the bad component is p + 1. 
1.6. Contents of Section 4: Case T p = T p ji . 

Let W be a module over Z/p 2 , W p its submodule of p-torsion. W has invariants 
d\ = dvcaW/W p , d 2 = dimW p . 

(1.6.1) The analog of (1.3.3) for the present case is the following. The set T Pj \(t) 
is isomorphic to the generalized Grassmannian G/(i, g, 2g), i.e. the set of isotropic 
W C (A t ) p 2 such that di(W) = g — i, d 2 (W) = g + i. Like in Subsection 1.5, we 
consider only the open part S(g, ij°P en of S(g, i). 

Let a G S(g,i) open . The analog of T(a) of 3.2.2 is a pair of matrices 
/ii(cr), //2(f) £ M g (K) (see 4.1.2.5). The analog of D-partition for this case is 
defined in 4.2.9, 4.2.10 (see Remark 4.2.11 explaining why this definition is distinct 
from its analog for 1 p = T p ). Namely, we have a disjoint union 




([L01],3.1) 



we prove: 




(1.6.2) 



3=0 



(elements of are the most special elements, elements of D\ are the most general 
elements). 
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Conjecture 1.6.3. D-partition of S(g,i) is a subpartition of D-partition. 
We know the answer for the general part Di. 

(*) Theorem 4.2.15. Let g, i be arbitrary. If g—i is odd then Di is a D-partition 
set. If g — i is even then Di is a union of two D-partition sets. 

These sets are described as follows. Let <7j, aj G S(g,i) open be 2 elements. We 
associate to them (g — i) x (g — i)-matrices G 2 2i, G 22 j with entries in Z (see 4.1.5 
and the above formulas), cr^, <jj are D-equivalent iff the ratio det(j22i/ detG 22 j is 
a square in F*. 

From now we consider the case g = 3, i = 1. 

(*) Theorems 4.2.16, 4.2.17. Conjecture 1.6.3 is true for g = 3, i = 1. 

We refer to D*, D , Di as of special, intermediate, general type respectively. 
Further, there exists a disjoint union D* = Do,* U Di,* defined in Theorem 1.6.5, 
b, c. 

(*) Theorem 4.2.18. Do,* is a part of D-partition, and moreover it is the only 
part such that the corresponding component of T p (V) is V itself. 

Theorems 4.2.15 — 4.2.18 show that the D-partition of 5(3, 1) is a subpartition 
of the partition S(3, 1) = Do,*UDi,*UDoUDi. I do not know what is the restriction 
of D-partition on Do and Di,*. See Section 5.3 for propositions which are the first 
step to the solution of problem of finding of this partition. Computer calculations 
for the case p = 3 show that there are more than one part of D-partition sets in 
Di,*. Apparently, if p tends to infinity, the quantity of these parts should be one. 

Theorem 4.2.19. Irreducible components of Shimura subvarieties of T Pj i(V) 
that correspond to the parts of D-partition that are contained in Do are defined 
over K p . 

Remark. All other irreducible components of T Pj i(V) are defined over "small" 
extensions of K 1 , see 4.2.21. Unlike the case of T p = T p , for g = 3, T p = T p ,i the 
Galois action is non-trivial for the intermediate case. 

(1.6.4) Analogs of Conjectures 1.5.6, 1.5.7 (i.e. the description of I-partition on 
Do and the Galois action on the set of these parts) is given in 4.2.20. It is necessary 
to emphasize that we have 2 natural options for the partition; I do not know which 
of these 2 options holds. 

Let us give now an analog of the Lemma 3.2.3 — the interpretation of the sets 
D* in terms of di, d 2 of ¥ p 2W a . Their possible values are the following (dimensions 
overF p ): (4,4), (4,6), (2,4), (2,6). 

(**) Theorem 1.6.5. a) a E D U Di d u d 2 (F p2 W a ) = (4,4) or (4,6); 

b) a e D M ^ d u d 2 (¥ p2 W a ) = (2,6); 

c) a e D ,* « d u d 2 (¥ p 2W a ) = (2,4). □ 

Finally, we can consider the following geometric construction. Factorization 
of W a by pW a is a projection pr from g, 2g) to Gi(g — i,2g) (with a fibre 
F p 9 l+1 )/ 2 )_ projection of D-partition on G/(2,6) is described as follows: 

(**) Theorem 1.6.6. a) pr(D*) is an intersection of G/(2, 6) (in its Pliicker 
embedding) and a codimension 4 linear subspace. 
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b) pr(D* U D ) is a section of Gj(2, 6) by a hypersurface. 

1.7. Contents of Section 5: Miscellaneous. 

Section 5 contains some separate results that form neither a complete theory 
nor a logical chain, and at the moment they have no direct application to the 
program of generalization of Kolyvagin's theorem, although maybe will acquire 
this application in future. These results can be treated as an introduction to the 
future investigations. Some of them are not proved completely and are formulated 
as conjectures. 

Section 5.1. Case of the Hecke correspondence T p j2 . This Hecke corre- 
spondence is not as interesting for us as T p i, because no one irreducible component 
of Tp^iV) is defined over K p (see (5.1.3), (5.1.4)), and hence we cannot apply this 
correspondence in order to generalize Kolyvagin's method. We find an explicit de- 
scription of D* (Theorem 5.1.1; it turns out that it is non-empty only if p = 3 
mod 4) and show that Do = (Lemma 5.3.5.4). Further, we get evidence that 
Conjecture 1.6.3 is true for this case (Theorems 4.2.16, 5.1.2). 

Section 5.2. Here we investigate the action of T p on Shimura subvarieties 
of T p (V). This could be useful for the program of generalization of Kolyvagin's 
theorem, because maybe consideration of the action of T p on various Shimura sub- 
varieties of Tp{V) will permit us to eliminate by elementary way the unpleasant 
coefficient y p of [L04.2], (1.8), (1.9). 

Section 5.3. The restriction of D-partition to some sets T>i is unknown. Never- 
theless, for g = 3 it is possible to prove some weakened conditions of "equivalence" 
of <7i, 02 £ Dj for the cases i = 1, j = * (Theorem 5.3.2) and ,7 = (Theorem 
5.3.1), and for the cases i = 2, j = * (Theorem 5.3.3) and j = 1 (Conjecture 5.3.5). 

Section 5.4. Here it is proved that there is no coincidences between irreducible 
components of T Pyi (V) for different i. 

1.8. Conjectures and possibilities of further investigation. 

Let us give some possibilities of further investigation related to the subject of 
the present paper in order of increasing complexity. See also possibilities of further 
investigation in [L04.2]. 

1. The reader sees that most theorems of the present paper (they are marked 
by (*)) are not proved in all generality. So, the first problem is to prove them 
completely. 

The main reason why most theorems are not proved in all generality is the 
necessity to treate all open charts of the Grassmannian corresponding to T p (i), and 
not only the one such chart as it is done in the present paper. The reader can 
compare the length of the proof of the Proposition 3.4.3 where the consideration 
of all open charts is inevitable, with the length of proofs of other theorems, and 
evaluate the length of the complete proofs of all theorems for the case of arbitrary 
g. Apparently, it is necessary to invent a new method of proof if we do not want 
to have a several hundred-page paper. See Remark 3.3.2. 

Some theorems marked by (**) are not proved at all. These theorems, as well 
as conjectures 1.5.6, 1.5.7, 4.2.20, can be proved easily using the same methods. 
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2. What is the degree of the hypersurface of Theorem 1.6.6, b? What is the 
interpretation of parts of I-partition of Conjecture 4.2.20 in terms of the geometry 
of (2/(2,6) (see Theorems 1.6.5, 1.6.6)? 

It is interesting to find the degree of 7r 2 (see 1.5.9) for the bad components for 
g = 4, j = 2. Is it a multiple of p + 1? 

3. Prove Conjecture 1.5.4. We can expect that for any fixed pair (g,j) (notations 
of (1.5)) there exists a proof of 1.5.4 for these (g,j) similar to the proof of 3.3.4 
(case g = 3,j = 2). Does exist a uniform proof for all (g, j)? 

4. Investigate the case p splits in K. According [L01], this case is much more 
complicated. Maybe it will be possible to find a good description of this situation. 

5. To study more complicated types of pairs (and more generally, n-tuples) of 
Shimura varieties A, V. For example, if the reflex field of V is any CM-field, then 
we get more interesting examples of Galois action. 

6. Investigate in more details the case of T Pii . I think that the formula (4.2.9) for 
D* is too rough. In order to get a correct definition of D-partition it is necessary 
to take into consideration the rank of Hi(a). 

7. To find D-partition of the intermediate and special cases for g = 3, i = 1. 
If it is impossible to prove a general theorem, then it would be interesting to find 
partitions for some small p by means of computer calculations. 

8. To prove analogous results for the functional case (Drinfeld modules and 
more generally abelian T-motives of Anderson). We know that the functional case 
is usually easier. Maybe in some cases the phenomenon of Section 4.4 of [L04.2] 
(the pseudo-Euler systems for the case g = 3, % p = T p are identically 0) does not 
occur, or it will be possible to use the methods of [Z85] (see [L04.2], appendix 3) 
in order to find the Abel-Jacobi image of bad components? 

Section 2. D-equivalence. 

Let X c be a connected component of a Shimura variety of level N. Recall that 
a p-Hecke correspondence % p on X c is a diagram 

X PiC 

7Tl 7T2 
/ \ 

X c X c 

where X PjC is a Shimura variety of (roughly speaking) level pN. In this section 
X p>c and all subsequent objects with subscript p depend on % p — the type of Hecke 
correspondence. For t £ X c we have by definition: % p {t) = 7r 2 (7r ] " 1 (t)). It turns 
out that instead of considering equivalences on the set X p (£), it is easier to consider 
equivalences on the set 7r^~ 1 (t) and then to apply 7r 2 to this equivalence relation. 

A no n- formal definition of D-equivalence on the set T p (t) is given in the intro- 
duction; its definition on the set 7r^~ 1 (t) is analogous. For the exact definition see 
2.8. 

We use notations of [D71]. Let us consider Deligne data that define a Shimura 
variety X of a fixed level, namely, a reductive group G over Q, a map h : § — > G 
over R (where S = Res c/M.(G m )), and a level subgroup /C C G(Af). We denote 
by V the Hermitean symmetric domain that corresponds to G, h. So, 
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X = [V x /C\G(A/)]/G(Q) 



Let C(X) be the set of irreducible components of X; it is isomorphic to the set 
of double cosets JC\G(Af)/G(<Q). The irreducible component that corresponds to 
the trivial double coset /C • 1 • G(Q) will be denoted by X c . Further, we denote 
T = /C fl G(Q), so X c = V/T (the action of some elements of G(Q), and hence of 
T, on V can be trivial). 

We use the same notations for X p -» X and V X using subscripts p : V 
respectively. Let JC P C /C be a level p subgroup, 

I P = px /C p \C(A / )]/G(Q) 

the corresponding Shimura variety, tc = iti : X p — > X and C(7r) : C(X p ) — > C(X) 
the natural projection maps, and r p = IC P fl G(Q). Let 

/C = |J /C p r, (2.1) 

be a coset decomposition, here R is the set of these cosets. There is an equivalence 
relation on R (we call it 1-equivalence and denote by ~): 



n ~ rj /C p r,G(Q) = JC p rjG(Q) (2.2) 

We denote the quotient set of by 1-equivalence by 0. 

Remark. (2.2) can be written in the form KL p rjY = JC p rjT, because ~ Tj -<=>- 
r 3 E JC p nG(Q), i.e. r 3 = kng, k E /C p , g E G(Q), ^g = {r l )- 1 k~ 1 r J =^ 9 eT. 

Proposition 2.3. C(tv)~ 1 (X c ) [i.e. the set of irreducible components of 

TT-\X C )\ i S 0. 

Proof. Since C(X P ) = JC p \G(A f )/G(Q), we have C^tt) -1 ^) = 
JCp\K,G(Q)/G(Q). When we choose a set of representatives of these double cosets, 
we can choose them in /C; hence we can choose a subset of {r^i^R. It is clear that 
Ti ~ Tj is exactly 1-equivalence. □ 

We denote by X PjC the irreducible component of X p that corresponds to the 
trivial double coset K, p ■ 1 • G(Q). Obviously X p ^ c = V/T p , X p ^ c C n~ 1 (X c ) : and 
we denote by rr c : X PtC — > X c the restriction of tt to -X" PiC . Further we consider for 
simplicity only the following case: 

If 7 E r acts trivially on D then 7 e T p . 

In this case T/r p /C//C p = i?. We denote by R c the image of r/r p in R. 
Obviously, deg7r c : X PjC — > X c is #(r/r p ). Further, for t e V we have a formula 

^ 1 (i) = {(t^xr l )} teRc (2.4) 

where £ G X c is the projection of t x 1, and (t ri x n) E V x G(Af). 

Now let us consider V > X. Let Gy C G be an inclusion of groups commuting 
with /iy : § — > Gy; /Cy = Gy(Aj-) D/C a level subgroup; V the Shimura subvariety 
of X corresponding to (hy, Gy, /Cy) and V c the irreducible component of V that 
corresponds to the trivial double coset /Cy • 1 • Gy(Q). 
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Proposition 2.5. The set of irreducible components of n c 1 (V C ) is the quotient 
set of {ri}i e n c by the equivalence relation: 

n ~ Tj r p riG v = YpTjGv (2.6) 

Proof. A version of this proposition for Hecke correspondences is [L01], Propo- 
sition 4.4, (1). The proof of the present version of this proposition is completely 
analogous. □ 

This equivalence relation is the I-equi valence. Slightly changing notations of 
(1.4.1), we denote the quotient set of T/T p by this equivalence relation by (r/r p )/. 

The above varieties form the diagram: 















\ 




i 


i 




Xp 


v c - 






i 


\ 




\ 




V 






X 



Now we must "unify" (in partition sets) those irreducible components of 7T" 1 (V^), 
which belong to a Shimura subvariety. We choose and fix i G R c , we choose 
the corresponding representative Ti in Y and we denote it by s. For any group 
(5 we denote the conjugate group s(J5s _1 by <3 S . We define a Shimura variety 
Vp )S that corresponds to the subgroup JCv,p,s = fcv H K? p = Gv(A/) fl K, p . 
The projection V PtS — > V is denoted by ttv,s- There exists an s-conjugate variety 
V£ a = s(V v ) x }C s v \Gv(Af) s ]/G v (Q) s which enters in the diagram (2.7) as follows: 

*p , s 

V p,s ^ -^P 
I I 

where i PtS is induced by identical inclusions of corresponding subgroups of G(Af), 
and the left vertical arrow (denoted by iiy s ) is induced by the map t h- > s _1 (t) for 
t G s(Py), s _1 (t) G TV- 

Definition 2.8. 2 elements si, S2 of (r/r p )j are called D-equivalent if there 
exists s 6 T such that both irreducible components of 7r~ 1 (V c ) that correspond to 
si, S2 are contained in V^ s s . 2 elements s±, S2 of T/r p are called D-equivalent if 
their images in (Y/Y p )i are D-equivalent. 

Now let us find an algebraic criterion of D-equivalence. Let 

K-V = [_J ^V,p,sfV,i,s 

be a coset decomposition. There is the relation of 1-equivalence on Ry, s defined 
like in (2.2), and the corresponding quotient set 0.v, s - Let Jy, s be a subset of Ry, s 
defined as follows: 

j e J v ,s srvj^s' 1 G /C P G(Q) 
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It is obvious that Jy, s is a union of partition sets of 1-equivalence on Rv, s ] we 
denote the corresponding quotient set by O.v,o, s C Q.v,s- It is easy to see that there 
exists an inclusion a s : O.y,o,s (r/r p )j is defined at the level of representatives 
as follows. Let ry,i, s £ 0v,o,si srx/,i, s s _1 = kg, where k G /C p , g G G(Q). Then 
3 G T. By definition, gs is a representative of a s (rv,i, s )- Particularly, a 8 (l) = s. 

Proposition 2.9. O.v,o,s is isomorphic to the set of irreducible components of 
(7r^ s ) _1 (V c ) fl X PiC = 7r~ 1 (V r c ) fl V p 8 s (both intersections are in X p ). Moreover, the 
corresponding inclusion is exactly a s . 

Proof. An easy calculation in groups and cosets, with use of (2.4). □ 

Proposition 2.10. 2 elements r±, r 2 G T/T p are D-equivalent iff the double 
cosets ICpTilCv coincide (i = 1,2), i.e. iff 

r 2 G KpnKv (2.11) 

Proof. We see that 2 elements ri, r 2 G T/T p are D-equivalent iff r 2 G im 
This means that 3i G -Ry, ri such that rirv,i, ri ^i 1 = ^flS where G /C p , (7 G G(Q), 
and such that r 2 = yri. This is equivalent to (2.11). □ 

Now we must replace the coset decomposition (2.1) by the coset decomposition 
(1.3.2). In order to simplify notations, until the end of this section r p (resp. S(g)) 
will mean either r p (resp. S(g) ) itself (for T p = T p ) or r Pj i (resp. S(g, i) ) of (1.3.1) 
(for Z p = T P: i). In both cases we have /C p = Tp/Cr" 1 fl /C, T p = t p Tt~ 1 fl T. We 
need a lemma on relation between 2 sets of representatives of cosets. 

Lemma 2.12. Let r-r p r = Ujee(c/) ^ a 'j ^ e a c °set decomposition such that all 
representatives cr'- satisfy 

^. G r p r (2.13) 

We denote 

r j = Tpaf- 1 (2.14) 
Then T = UjT p rj : and vice versa. □ 

Remark. We use notation a'j instead of (Tj, because not all a G S(g) satisfy 
(2.13). Namely, 

a G S(g) satisfy (2.13) iff a G S(g) open . (2.15) 

Substituting (2.14) in (2.11) we get immediately the following 

Theorem 2.16. 2 elements ui, cr 2 G >S((7) are D-equivalent iff the double cosets 
IfZoiKy coincide (i = 1,2). This condition can be rewritten as follows: 

3g G fCy such that aia(g)a 2 " 1 G /C (2.17) 

Remark 2.18. We need to consider 7r 2 -images of irreducible components of the 
above subvarieties of V PyC . In principle, 7r 2 can glue some of them, see [L01] for the 
detailed consideration of this phenomenon. But if p is split in K then it is easy 
to check that (for the case of V, X defined in 3.1) there is no such glueing. So, 
Theorem 2.16 describes us also D-equivalence on the set T p (t), and not only on the 
set 7r ] ~ 1 (t). 
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Now we need a lemma that describes L kl of (1.4.2) — the field of definition of 
irreducible components of T p (V)k- Let s G V be an element such that s G S(g)k 1 , 
i.e. T p (V)k C V p s s . For simplicity, we formulate it only for the case of V, X defined 
in 3.1, and moreover for the case when t^s, i.e. when the reflex field of V is K: 

Lemma 2.19. Lj tl is the abelian extension of K that corresponds (by 
the global class field theory) to the group det/CV, p , s , where det : GV(Aq) — > 
Res K/Q(G r m )(A ( Q) = Ik is the determinant map (G m is the multiplicative group, 
Ik is the idele group). □ 

Section 3. Case 1 P = T p . 

Subsection 3.1. Definition of V. 

Here we define the inclusion V C X . X is the Siegel variety of genus g and level 
N, i.e. it corresponds to the following Deligne data: 



1) G = GS P2g[ 

2) The map hx '■ Res c/M.G m — > G and the subgroup K, = ICn C G(Af) of level 
iV are the standard ones: they are defined like in one-dimensional case, but instead 
numbers we have in mind g x (7-blocks of matrices. 

Recall the explicit formulas for the unitary group Gy = GU(t, s) where t+s = g, 
K = Q(V— A). If L is a field such that \/ — A G" L (we shall consider only cases 
L = F p , Q, Q p ) and G GV(L) then cj = h + k\/—A, where q satisfy 

qE xs q 1 = XE VS (3.1.1) 

i.e. h 7 k E M g (L) satisfy 

/i£ rs /i* + AkEr S k f = A£ rs (3.1.2) 

kE vs h f = hE xs k l (3.1.3) 

(here E xs = ^ ^ where sizes of diagonal blocks are r, s). 

There exists an inclusion a : Gy — > G defined as follows: 

Let all prime divisors of iV split in K. The trivial Q-structure on Gy, the standard 
map hy : Res c/m.G m — > GU(x,s) and the level subgroup /Cy = /C fl a(Gy(A/)) 
are Deligne data for Gy. We denote the corresponding Shimura variety by V. The 
inclusion a defines an inclusion V C X. 

It is well-known that dim]/ = ts, the reflex field of V is K if r 7^ 5 and Q 
otherwise, and if r 7^ 5 then the field of definition of irreducible components of V 
is K 1 — the Hilbert class field of K. We shall be interested mainly in the first 
non-trivial case g = 3, r = 2, s = 1. In this case V is a Picard modular surface. 

Subsection 3.2. Preliminary notations and lemmas. 

Recall that a description of S(g) can be found in [L04.1], Section 2.3. We find 
D-equivalence only on the open part of S(g). This open part S(g) open corresponds 
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to the case / = {1, . . . , g} in notations of [L04.1]. Elements of this open part have 
the form 

° = ^=( E ' p E g ) ^ 

where s G M g (Z) syrnrn and its entries belong to a fixed system of residues modulo 
p (see Remark 3.3.2 for the case when a G" S(g) open ). 

Since p is inert in K, we have: K <g> Q p = Q p 2 . We denote the residue map by 
res: Z p 2 — > F p 2 or simply by tilde, and the non-trivial automorphism of Z p 2 , F p 2 by 
bar. 

We need the following objects related to a = a(s) (E g = l g = 1 is the unit 
matrix) : 



t = t(a) = E g - \^AsE ts , T = T(a) = t{a) E ts t(aY = E x5 + AsE^s (3.2.2) 

Recall that W a C (A t ) p is defined in (1.3.5). 
Lemma 3.2.3. rank T(a) = diniF p (F p 2 W a ) — g. 

Proof. Straightforward. Let {e^} (i = 1, . . . , g) be an O^/p-basis of (A t ) p , 
so {ej, \J — Aei} form an F p -basis of (A t ) p . W a has an F p -basis whose matrix in 
{ej, y/— Aei} is (E g ,s). The matrix of an F p -basis of \J — AW a is (— AsE xs , E xs ). 

So, dimF (¥ p 2W a ) is the rank of ( J! )• Elementary transformations 

V ~A.sE vs J 

transform it to ^ ^ + = ( ^ T(a))- D 

Recall that the ©-partition is defined by (1.5.1). We have a 

Corollary 3.2.4. ai is ©-equivalent to <jj •<=>- ranks of T{&i), T{dj) are equal. 
Particularly, a E D g -<=>- T(a) = (for even g), and cr G D23 "<=>- £(<x),T(cr) are 
invert ible. □ 

Remark 3.2.5. and its complement in S(g) have a geometric interpretation 
in the Pliicker embedding of S(g) = Gi(g : 2g)(¥ p ). To simplify notations, we 

V 



consider the case (7 = 3. We denote coordinates in the space P m (F p ) (m = 
l)by 

v i\i-2.i-z where ij G {1, 2, 3, 1', 2', 3'} (for example, Wi23 _ th coordinate of any a 
is 1 and t>i'2'3'-th coordinate of any o is det s). 
It is clear that 

dett = fi(S) + v /Z Af 2 (5) (3.2.6) 

where 



fl(s) — ei'23^1'23 + £l2'3' i; 12'3 + £l23 /,i; 123' + Sl'2'3'^1'2'3' 
f2 (§) = £123^123 + Sl'2'3^1'2'3 + Sl'23'^1'23' + £l2'3' -f; 12'3' 



(3.2.7) 



and are some constants (± some power of A). The same formulas hold for any g: 

indices run over all subsets of the set of elements of the matrix ( }l ' ' ' ' ® , ) such 

V 1 , 9 J 

that each column contains 1 element of this subset; indices of the first (resp. second) 
formula of (3.2.7) correspond to subsets containing even (resp. odd) elements of 
the first line of this matrix. 
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So, S(g) — D 2g = U^L~ 2 £)j is the intersection of the Pliicker embedding of 
?($(Gi(g, 2g)) with a codimension 2 linear subspace P 2 of P m . P 2 is given by equa- 
tions fi(s) = 0, i = 1, 2. This is an analog of the conic line C of the case g = 2 (see 
[L01], Theorem 0.7; Section 3, Figure 1). 

Recall that is the partition of hyperplane sections of Conjecture 1.5.6. a±, a 2 
belong to the same part of ^-partition iff (fi(si) : f2(si)) = (fi(^2) : f2(s2))- Action 
of F p2 on (A t ) p induces the action of F* 2 /F; on S(g) = G I (g,2g)(¥ p ). We call it 
jF-action. We have the following lemma which for odd g gives evidence in favor of 
Conjecture 1.5.7: 

Lemma 3.2.8. Let o\ G D 2 ^ en . If g is even then all points of the jF-orbit of v\ 
belong to the same part of ^-partition. If g is odd then there is exactly 1 point of 
the .F-orbit of o\ in each part of ^-partition. 

Proof. Let a 2 = y / —A(ai) respectively the jF-action. We use notations of 
Lemma 3.2.3 omitting for simplicity non-essential factors E xs . We have: 

det(£ 3 - V^Ah) = fi(Si) + v /z Af 2 (§i) 



det(Asi - V^KEg) = fi(s 2 ) + v /z Af 2 (s 2 ) 

hence fi(s 2 ) + v /Z Af 2 (§ 2 ) = (v /Z A) 3 (fi(§i) + v /Z Af 2 (5i)). The lemma follows 
immediately from this formula. □ 

Remark 3.2.9. The meaning of the Lemma 3.2.8 is the following. We can only 
guess what is the action of Galois group on the set of parts of I-partition in a given 
good part of D-partition. There are 2 natural actions: jF-action and the action of 
Z/ (p + 1) on the set of parts of fi-partition. Lemma 3.2.8 shows that they coincide 
for odd g, hence most likely it is the desired Galois action. 

Subsection 3.3. Finding of D-equivalence. 

Let i = l,2, Si e M g (Z) s y mm , a t = a(s l ) E S(g) open be as in (3.2.1). We denote 
t((Ti), T{ai) simply by U, %. 

Theorem 3.3.1. o\,o 2 G D 2g fl S(g) open are D-equivalent iff the following 
condition (3.3.1.1) holds: 

(3.3.1.1) Either g is odd, or g is even and the ratio detT(oi)/ det T(aj) is a 
square in F*. 

Proof. We consider g of (2.17), g = h + ky^A, h,k G M g (Z p ). The explicit 
calculation shows that the g x (7-block structure of aia(0)cr 2 ~ 1 is the following: 

where entries of all = A^ih, k, s±, s 2 ) are some polynomials with integer 
coefficients in entries of h, k, si, s 2 and hence G M g (Z p ). This means that 

oi is D-equivalent to o 2 3g G Gy(Z p ) such that A 12 = 0. 

The proof is based on the following crucial formula: 
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hQh = B + A l2 E xs V^A (3.3.1.3) 

where B G M g (Z p ) is some matrix. This means that we can rewrite (2.17) as 
follows: 

o"i is D-equivalent to a 2 -<==>- 3g G /Cy such that 

*ifl*2 e M 3 (F P ) (3.3.1.4) 

We shall prove: 

A. If 3g G Gv(Zp) such that (3.3.1.4) holds (i.e. A 12 = 0) then (3.3.1.1) holds; 

B. If (3.3.1.1) holds then 3q G G v (Z p ) such that A 12 = 0. 

To prove (A) we denote t\Qt 2 by B (i.e. we reduce (3.3.1.3) modulo p). Since 

both ti are invertible we get = t x Bt^ 1 - Substituting this value of g in (3.1.1), 
we get 

BiE^E^)- 1 ^ = \fi (3.3.1.5) 

The theory of quadratic forms over F p shows that (3.3.1.5) implies (3.3.1.1). 

Inversely, if (3.3.1.1) holds, then 3B G GL g (Z p ) such that B(E xs T 2 E xs )~ 1 B t = 
ATi. So, g = i^Bq 1 G GV(Zp), and A 12 = 0. 

Finally, we must check that all possible types of T(a) can be realized. This is 
obvious (it is sufficient to consider diagonal matrices s). □ 

Remark 3.3.2. The first step of reformulation of the Theorem 3.3.1 for the case 

of any a G D 2g (not necessarily a G S(g) open ) is the following. If a = 

where A, B, D are g x g-matrices described in [L04.1], Section 2.3, (2), then we 
can set t(a) = A + \/—A(B + D) up to possible factors —1 and/or E x5 . 

Theorem 3.3.3. If a 1 ,a 2 G S(g) open , a x G £ 2g and o 2 G" D 2ff then o x and a 2 
are not D-equivalent. 

Proof. We consider here only the case when o\ is D-equivalent to the matrix 

^0 pE ) ' *' 6 ' ^ e s ^S na ^ ure °^ is trivial (proofs for the cases of another 

signatures of Ti are analogous). So, we can take a\ = ( ^ 2, ) , si = and 



V P E 9/ 

hence t\ = E g . Assume that there exists g from (2.17). Then (3.3.1.3) implies that 
gt 2 G Mg(¥ p ). This means that k = hs 2 E xs . Substituting this formula in (3.1.2) 
we get hT 2 h t = XE XS . Since det T 2 = 0, this is contradicts to the condition A G Z*. 

□ 

Theorem 3.3.4. If g = 3, r = 2, s = 1 and 2 elements a u o 2 G D 4 n S(#) open 
then o"i and a 2 are D-equivalent. 

Proof, det U = implies that 2 eigenvalues of §iE 2 i are =fc ,^ A , and another one 

- denoted by r, — is in F p . Let lUj = (tua, Wi2, w i3 ) G (F p ) 3 , ^ = {v iU v i2 , v i3 ) G 
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(F p 2) 3 and Vi = (vn, Vi 2 , 1^3) be eigenvectors of SiE 2 \ with eigenvalues r^, } and 



-A 

wn vn vn x 



-1 



respectively. We denote Li = | Wi 2 V{ 2 Vi2 

w i3 v i3 v i3 



-A 

so det Li 7^ and 



fi = LiDiL' 1 (3.3.4.1) 



where = diag (1 — — A, 0, 2). We assume existence of g satisfying (2.17), 
and we denote as earlier B = tigt 2 . (3.3.1.3) implies B E M 3 (F P ). 
Taking ^ from (3.3.4.1), we get: 

D 1 L- 1 qL 2 D 2 = L~ 1 BL 2 (3.3.4.2) 

For any matrix X we have: the second line (resp. column) of D\X (resp. XD 2 ) 
is 0. Hence, (3.3.4.2) implies that both second line and column of L^ X BL 2 are 

/I 0\ 

0. Further, we denote by T\ 32 the permutation matrix 10 1 , so we have 

\0 1 0) 

equalities 

U = L{T 132 (3.3.4.3) 

and (because B = B) 



L^BL 2 = L1 X BL 2 = T 132 L^BL 2 T 132 (3.3.4.4) 
(3.3.4.4) implies that the third line and column of L\ 1 BL 2 are also 0. So, 



D 1 L~ 1 ~qL 2 D 2 = b ■ diag (1, 0, 0) (3.3.4.5) 



where b E ¥ p . 



Solving the equation XD 2 = b ■ diag (1,0,0) we 



b 



, 1 r, \ A 



* 



see that DiL 1 qL 2 = | * | . Analogously, solving the equation 

* 



b 



* 0" 



l-r 2 V^A 

D\X =| * I we see that 
* 



* 



r-i~r I (i-^V^AXi+rxV^A) 1 (oo A r\ 

L 1 qL 2 =1 * * * I (3.3.4.6) 

* 

All these considerations are invertible, i.e. (3.3.4.6) is equivalent to (3.3.1.4). We 
denote L^ 1 qL 2 by jjo- Now we shall show that (3.3.1.4) and 

qE 21 q = \E 2l (3.3.4.7) 

(the F p 2-residue of (3.1.1)) can be satisfied simultaneously for any s\, s 2 of the 
statement of the theorem. Really, substituting g to (3.3.4.7) we get 
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QoiL- 1 E^L- 1 )')^ = X(L- 1 E 21 (L- 1 ) t ) (3.3.4.8) 

Analog for the present case of a theorem that eigenvectors of a symmetric matrix 
are 

orthogonal is the following. We denote 

Ah d = f L~ 1 s i E 21 L i = diag (n, ^7=^ 



so we have: 



t 



i.e. 



s t = L l D 0t L- 1 E 21 = s\ = E 21 (L- 1 ) t D 0l L 

(L~ x E 21 (L~ 1 ) t )D 0i (L t i E 2 iL i ) = D 0l 

Since all diagonal entries of D 0i are different we get 

that L\E 2 \Li is a diagonal matrix. It is invertible, we denote entries of the 
inverse matrix as follows: 

{LlE^U)- 1 = diag(da, d i2 , d l2 ) (3.3.4.9) 

where dn E F p , di 2 E ¥ p 2. Taking into consideration (3.3.4.3), (3.3.4.6) and 
(3.3.4.8) give us the following equations: 



/ b' x 12 \ / d 21 \ / V xix \ /d n \ 

x 21 x 22 x 23 d 22 x 12 x 22 x 32 = A d 12 
V £32 / V d 22 / \ z 23 / V dia / 

where 6' = 7- 7 — -, — ^r. For any si, S2 a solution can be found im- 

mediately, for example x\ 2 = x 2 \= x 22 = 0, b E F* arbitrary, A = b , X23=l, 
x 32 =^^. So, we have got g satisfying (3.3.1.4), (3.3.4.7). Further, we have 

Lemma 3.3.4.10. The reduction map GV(Z P ) — > GV(F P ) is surjective. □ 
Application of this lemma gives us the theorem. □ 

Theorem 3.3.5. If g is odd then all components of T P (V) do not coincide with 
V itself. 

Proof. Obvious. Really, we have the following criterion of coincidence ([L01], 
Section 4a, Proposition 4.4, (4)): 

r y( 7- 1 nr^0 (3.3.5.1) 

(the inclusion Gy — > G is a). If g G Tv satisfies a(o)a~ 1 E V then A(g) = p. 
This is impossible by a trivial reason (in this case we have N K /q(det g) = p 9 which 
for odd g contradicts to a condition p inert in K). □ 

Theorem 3.3.6. For any g, any r 7^ s the field of definition of any good 
component is K p . 
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Proof. We fix a E S(g) open . According 2.15, we can take r = T v a l ~ x (see 2.14). 
We apply Lemma 2.19 (s of 2.19 is our r). It is easy to see that for points I of 
K, I 7^ p, the [-component of detJCv, P , r contains 0* K , so we must find only the 
p-component of det K,v,p,r- Let g = h + k\/—A E GV(Z P ) be as earlier (GV(Z P ) 
is the p-component of /Cy). The p-component of /C p is the set of matrices whose 
(2,l)-block is = mod p. 

3.3.6.1. The following 3 conditions are equivalent: 

g belongs to the p-component of JCv, p , r (3.3.6.2) 

•<=>- ra(0)r _1 belongs to the p-component of K. p (3.3.6.3) 

the (2,l)-block of ra^r" 1 is = mod p (3.3.6.4) 

We denote the (2,l)-block of ra(g)r~ 1 by ®2i- There is a formula for it (prac- 
tically, this is 3.3.1.3): 

iE xs gt l = 21-0321 V^A (3.3.6.5) 

where t = t(a) and 21 G M g (Z p ). If deti ^ (i.e. a E D 2g ) then » 2 i = =>> 
detg G Z p + p^Z—AZp. It is easy to see that detg can take any values in Z* + 
p\J—A7L v , i.e. the field of definition of the good component is K p . □ 

Analogously, we get the following 

Theorem 3.3.7. The field of definition of all bad components is K. □ 
Subsection 3.4. Finding of the degree of n 2 . 

We use notations of 1.5.9. 

Proposition 3.4.1. For any g the degree of ti 2 for any good component is 1. 

Proof. We restrict ourselves by the case of the good component with thivial 
signature of T(a); proof for other components is analogous. So, we can take s = 

(E \ 
q S piJ ) ' ^ e a PP^ formula 4.10 of [L01] for the degree of 112- We set 

q = h + k\/—A like above (g of [L01], 4.10 is ct(g) in the notations of the present 
paper). So, the degree of -k 2 is the quantity of a' E S(g) such that there exists g 
such that 

a'aa(g) Ep-GSp 2g (Z) (3.4.1.1) 
Particularly, for g satisfying (3.4.1.1) we have 

ord p (detg)=0 (3.4.1.2) 

We use description of S(g) from [L04.1], Section 2.3 (a' is denoted in [L04.1], 
Section 2.3 by 7). Let us fix a' . Attached to a' is a subset I of {1, ... , g}. 

Let j E {1, . . . , g}, j E" I. Multiplying the j-th line of a' a by the r-th (resp. 
g + r-th) column of a(g) we get that (3.4.1.1) implies hj r E Z (resp. kj r E Z). 
Analogously, for i E I, multiplying the g + i-th line of a' a by columns of a(g), 
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we get that h ir , ki r G ^Z. Further, multiplying the i-th line of a' a by columns of 
a(g), we see that all terms of the corresponding scalar product — except one - 
are integer, hence this only remaining term — which is hi r or ki r — is also integer. 

Let us consider the case I 7^ 0, and let i be the minimal element of I. Multiplying 
the i-th line of a' a by all columns of a(g) we get that (3.4.1.1) implies that the first 
i lines of g are linearly dependent mod p. This contradicts to (3.4.1.2). So, we get 
that if for the given a' there exists q such that (3.4.1.1) holds then 7 = 0. There 

(vE \ 
e y anc ^ we can ta ^ e = ^ 

Now let us consider the case of the bad component for (7 = 3. 

Remark 3.4.2. To use the formula 4.10 of [L01], we need to check all elements 
of S(g), not only of its open part. This explains why the proof of the following 
Proposition 3.4.3 is so long: I am forced to treat all 8 open components of S(g) 
separately. I do not see a method to find a uniform method of theating. For higher 
g and a partition set contained in Di it is possible to treat some cases uniformly, 
so the quantity of cases is a polynomial of g, i. 

We shall see (Remark 3.4.4) that the set of a' G S(3) satisfying (3.4.1.1) is an 
irreducible subvariety of S(3) — Gj(3, 6). We can expect that this is true for all g, 
i. Proof of this fact will reduce the quantity of cases that we shall have to consider 
in order to find the degree of 7r 2 . 

Proposition 3.4.3. For g = 3 the degree of 7r 2 for the bad component is p + 1. 

Proof. We use the same formula 4.10 of [LOll. We fix a = ( ^ ^ ), 
/0 \ 

where s = W = w\ W2 , w\ , w<z G Z satisfy w\ — w\ = mod p 2 (this 




implies that s corresponds to the bad component). It is more convenient to take 

= l(h+ ksf^E). Let a' = ^ ^ ^ and I be as in [L04.1], Section 2.3. We 

denote P = a'aa(g). Although we prove this theorem for g = 3, some arguments 
are valid for any g, so we shall use sometimes g instead of 3. 

The entries of i-th line of a' a are multiples of p for i G" /, i G {1, . . . ,#}, and 
for alH G {g + 1, . . . , 2g}. For this set of z's conditions Pij G pTL can be treated as 
linear congruences modulo p on elements h a j, kpf. 
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Pij G pZ ^(Cii)ia h aj + ^2(C 12 ) ia k aj = (for i £ I, i G {1, ...,#}) 



P iS e pTL ^(C 2 i)i Q h aj + J^(C 22 )i a k aj = (for i G {g + 1, . . . , 2^}) 

a=l q=1 



Pi, g+ j G pZ 5Z(C 3 i)j Q h aj + ^(C 32 ) ia = (for % £ I, % G {1, . . . , g}) 

a=l a=l 
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Pt, g +j e pL ^2(C 4 i)i a h aj + ^(C 42 )ia k aj = (for % e {g + 1, . . . , 2g}) 

a=l a=l 

where j £ {1, . . . , g} and the coefficient matrix C has the 4 x 2-block structure, 
(C uv ) xy is the (x, y)-th element of the (tt, v)-block of C. It is easy — but tedious 
- to write down expressions for all 8 blocks of C (for example, C 2 \ = C42 = 0, 
C 22 = ~ADE XS , C41 = DE ts etc). 

Looking at the second (resp. fourth) block line of C we get immediately that 
the corresponding congruences imply that all entries of k (resp. h) are p-integer. 
This means that 

(3.4.3.1) If the rank of C modulo p is 2g then all entries of h, k are modulo p. 

Case / = {1,2,3}. a' = ^p^J' wnere s = ^3 = {bij} is any symmet- 

ric 3 x 3-matrix. We shall use also the (l,2)-block partitions of S3, W, h, k: 

s 3 - (Z 5:> w = (0 w 2 )> h - (in III) - d — ^ f - k - 

Calculating explicitly entries of P we see that the condition (3.4.1.1) gives us im- 
mediately congruences: 

3.4.3.2) h = A(W + pB 3 )E 21 k mod p 2 

3.4.3.3) k = -(W + pB 3 )E 21 h mod p 2 
Substituting h from (3.4.3.2) to (3.4.3.3) we get 

3.4.3.4) [l 3 + AWE 21 WE 21 +Ap(B 3 E 21 W + WE 21 B 3 )E 21 ]k = mod p 2 which 
is in the above notations 

3.4.3.5) e n + ApB 12 E xx W 2 E xl l 21 = mod p 2 

3.4.3.6) t 12 + ApB X2 E xx W 2 E lx l 22 = mod p 2 

3.4.3.7) ApW 2 E 11 B t 12 t 11 + Ap(B 22 EnW 2 + W 2 E 11 B 22 )E 11 t 21 = mod p 2 

3.4.3.8) ApW 2 E 11 B\ 2 t 12 + Ap(B 22 EuW 2 + W 2 E 1X B 22 )E X1 1 22 = mod p 2 

Substituting value of In from (3.4.3.5) to (3.4.3.7) (resp. I i2 from (3.4.3.6) to 
(3.4.3.8)), we get that (3.4.3.7), (3.4.3.8) become 

3.4.3.9) (B 22 EuW 2 + W 2 E 11 B 22 )E 11 t 2l = mod p, i = 1, 2. 

If det(B 22 EnW 2 + W 2 EuB 22 ) ^ mod p, then (3.4.3.9) imply that l 2i = 
mod p. Further, (3.4.3.5), (3.4.3.6) imply that tu = mod p 2 , (3.4.3.2) implies 
that f)H = mod p 2 , h = mod p. This contradicts to (3.4.1.1). 

Now we need a 

Lemma 3.4.3.10. If det(B 22 E 11 W 2 + W 2 E 11 B 22 ) = mod p then B 22 E tl W 2 + 

W 2 E\\B 22 = mod p and B22 = 1\ W ' 1 Wl ) where 7 is a scalar factor. 

\W! w 2 J 

Proof. Direct calculation. Really, condition det(B 22 EnW 2 + W 2 EnB 22 ) = 
mod p in terms of is 
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[-Awjb 22 + (2A Wl w 2 + 2w 2 V^A)b 23 + {Awl - 2Aw 2 - 2wiv /z A>33]- 



\w%b 22 + (2A Wl w 2 - 2w 2 V^A)b 23 + {Awl ~ 2Aw i + 2w 1 V^A)b 33 ] = 







this is the union of 2 imaginary lines on the projective plane (b 22 : b 23 : 633) 
whose real intersection point corresponds to the case B 22 EnW 2 + W 2 EnB 22 = 
mod p. Solving the corresponding system, we get the above expression for -622- D 

In this case (3.4.3.7), (3.4.3.8) are always satisfied, substituting values of tu from 
(3.4.3.5), (3.4.3.6) to (3.4.3.2) we get (congruences are modulo p 2 ): 

f ApB 12 E 11 t 2 i ApB 12 E 11 t 2 2 , d , 

n ~ \A(W 2 +pB 22 )E 11 t 21 A{W 2 +pB 22 )E 11 t 22 ' 



= / ApB 12 E 11 (l 2 - y/=AW 2 E 11 )t 2 i ApB 12 E tl {l 2 - y f=EW 2 E 11 )l 22 \ 
P9 ~ { (A(W 2 + pB 22 )E xl + V^A • l 2 )fi 21 (A(W 2 + pB 22 )E n + v^A • l 2 )e 22 J 

(3.4.3.11) 

Now we check the condition (pQ)E 2 i(pQ t ) = XE 2 i, where ord P (A) = 2. Recall 
that bij, kij are entries of S3, k respectively. Diagonal entries of (pQjE^pQ 1 ) are 
elements of the ring of polynomials Z[w\, w 2 , A, b^ , k^] factored by A(w 2 — tu 2 )+l = 
0. A calculation in this ring shows that 

if B 22 = then ((pfl)£?2i(pfl*))n = Qp 2 ((PS)E2i(pQ t )h3 (3.4.11') 

for some Q E 1\w\, w 2 , A, 6^-, kij]/(A(wf — w 2 ) + 1). 

Since _B 22 enters in (3.4.3.11) with a coefficient p, we see that the condition 
ord P ((pQ)E 2 i(pg t )ii) = 2 together with (3.4.11') contradicts to the condition 
ord p ((pd)E 2 i(pg t ) 33 ) = 2. This means that for a' of type I = {1,2,3} there is 
no q satisfying (3.4.1.1). 



Case I = {2,3}. a' 



/ p \ 
—D t 1 B 



where D, B are respectively 1x2, 



1 D 
V p) 

2 x 2-matrices, B is symmetric. The condition that the entries of the first and the 
third block lines of a'aa(g) are in pL gives us immediately that entries of hii, tu 
are in pL (i = 1,2). 

Subcase 1. D = 0. The condition that the entries of the second block line of 
a'aa(o) are in pL becomes 

\) 2l = A(W 2 + pB)E 11 t 2i mod p 2 (3.4.3.12) 

hi = -{W 2 +pB)E 11 \ )2l modp 2 (3.4.3.13) 
or [E u + AW 2 E n W 2 +pA(W 2 E 11 B + BE^W^E^ = mod p 2 , i.e. 

(W 2 EnB + BEnW^Enfoi = mod p (3.4.3.13') 
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Subcase la. B ^ 7 ( W2 Wl ). Using Lemma 3.4.3.10 we get that (3.4.3.13') 

\Wi W2 J 

implies \}2iMi = mod p. (3.4.3.12), (3.4.3.13) become hi = -W 2 E 11 t)2i, hi = 
AW 2 Ent 2 i mod p 2 . This means that (1 2 + W 2 EuA)Q2i = mod p, i.e. that the 
second and the third lines of are linearly dependent. This contradicts to (3.4.1.1). 

Subcase lb. B = 7 ( W2 Wl ) . For these a' there exist a satisfying (3.4.1.1). 

' \ w\ w 2 J 6 v ' 

Really, if we take any h^, tu with entries in pZ, any \)2i with entries in Z 

and 62* satisfying (3.4.3.13) then entries of a'aa(g) are in pZ. Now we must 

find f)ij, f)2i such that g satisfies (3.1.1). This can be done by many ways. For 

example, we can take 912 = 921 = and t) 22 satisfying f) 2 2-E , nf)22 = A^n f° r some 

li. Simple calculations show that for all 7 (3.1.1) can be satisfied. 

Subcase 2. D 7^ 0. As earlier, elementary transformations of congruences 
(a'aa(o))ij = mod p give us the desired. Firstly, the condition that the entries 
of the third block line of a'aa(o) are in pZ implies that 

DEufai = mod p, DEnfa = mod p (3.4.3.14) 

These conditions together with the condition that the entries of the second block 
line of a'aa(g) are in pZ implies that 



DE 11 W 2 E 11 i)2i = modp, DE 11 W 2 E n t 2 i = mod p 



(3.4.3.15) 



It is easy to check that W 2 En has no eigenvectors in F p (because = — 1)> 

so (3.4.3.14), (3.4.3.15) imply that entries of f)2i, are in pZ. 

Now the condition that the entries of the third block line of a'aa(g) are in pZ 
becomes 



-D%i + hi ~ A^ 2 £ii«2i = modp 2 



D% i -hi-W2E 11 i)2i = modp 2 



(3.4.3.16) 
(3.4.3.17) 



Elementary transformations reduce this system to the system 

= mod p 2 



-W\di + 102^2 di 
-w 2 di + wid 2 d 2 



(here di are entries of D). 

-widi + w 2 d 2 d\ 
-w 2 d 1 + wid 2 d 2 

a contradiction to (3.4.1.2). So, for this case there is no 9 satisfying (3.4.1.1). 



Since det 



is never 0, we get that f)ij, tu = mod p z 



Case I = {1}. a' = 



f 1 








hi 










p 




















p 




















p 




















1 





Vo 














1/ 



(3.4.1.1) gives us immediately 



that the second and the third lines of h, k are = mod p, and their first lines are 
= mod p 2 . This contradicts to (3.4.1.2). 
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Case I = {2}. a' 



/ 


p 














°\ 




-di2 


1 





















V 






















1 





















V 





V 

















1/ 



Writing explicitly the matrix 



C for this case, we see immediately that its rank is 6, i.e. (3.4.3.1) implies that 
h,k = mod p. Further, the condition [cr'aa(g)]2i £ p7L> implies that 

(di2 —I — wi^Z—A W2\f— A)g = mod p 
This contradicts to (3.4.1.2). 



Case 









( V 














\ 











p 














I = 


{3}. 


a' = 


-d\3 



-d 2 3 



1 





1 






^33 

di3 




















1 


d 2 3 








V o 














p / 


p form the following matrix C: 




































1 








-Atui 


Am; 2 

















-A 





Adi 3 




















-A 


Ad 23 

















1 

















Wl 


-w 2 





1 











1 





-di3 

















Vo 


1 


-d 2 3 











J 







The non-0 lines of C 



If di3 ^ mod p then it is seen immediately that the rank of C is 6; in any 
case, the determinant of the submatrix of C formed by removing of its third and 
seventh lines is ±W2(w2d23 + 2wid23 — w 2 ) which is never because of wf—wl = ^ 
mod p 2 and because p is inert in K. 

We denote the third line of (l,l)-block (resp. of (l,2)-block) of a' a by Zi (resp. 
by I2). It is easy to check that the condition [ct'ctck (g)]3i G pZ> implies that 

(h + v /Z A/ 2 )^2i0 = mod p 
(like in the case I = {2}). This contradicts to (3.4.1.2). 



Cases I = {1,3} and I = {1,2}. a' 
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respectively. The non-0 lines of C are 



27 



respectively. Both C are of rank 4 for all a', 



/0 1 -Awi Aw 2 \ 
w 1 -w 2 1 
-A Ad 23 
Vo 1 -d 23 / 

10 -Aw 2 A Wl \ 
w 2 W! 1 
A 
Vo -1 / 
i.e. h 2 i, fi3i, k 2 i, ksi are in pZ. Considering the condition that the (1, i)-th and the 
(l,i + g)-th element of a'aa(o) are integer, we get immediately that hu, ku are 
in pZ. Considering again the same condition, we get that moreover tin, ku are in 
p 2 Z. This is sufficient to get a contradiction. 

Case 7 = 0. a' = ^ ^ . This is the trivial case, = 1 satisfies (3.4.1.1). 

We see that in S(3) there are p matrices of type / = {2, 3}, Subcase lb, and 1 
matrix of type 7 = such that there exists g satisfying (3.4.1.1). This gives us our 
result. □ 

Remark 3.4.4. It is easy to check that the above p+1 matrices form a projective 
linein,S(3)=G'/(3,6)cP 19 . 

Section 4. Case of Hecke correspondence % p = T p i . 

Subsection 4.1. Some matrix equalities. 

Here we formulate and prove some matrix equalities that will be necessary for 
the next subsection. The open part S(g,\) open C S(g,i) is the set of the following 
block matrices (diagonal blocks have sizes i, g — i, i, g — i): 



( p pC t \ 

-A 1 C U 

p pA l 

V o oo p 2 ) 



(4.1.1) 



where A, C are i x (g — i)-matrices, U is a (g — i) x (g — i)-matrix with entries 
in Z. Moreover, entries of A, C run over a fixed system of representatives of Z 
modulo pZ, diagonal and upper-triangular entries of U run over a fixed system 
of representatives of Z modulo p 2 Z, and lower-triangular entries of U are defined 
uniquely by the relation 

CA l - AC 1 = U - U l (4.1.2) 
which is equivalent to the condition a G GSp 2g . 

Let us define some objects associated to a. Firstly, we define fii = /Ui(cr), 
A*2 = A*2(c r ) £ M g (Z(y / — A)) M g (Z p 2) (here and below diagonal blocks have 
sizes i, g — i): 



-1 



A + CV^A 



-l -uV- 



^2 



-i-uV- 



-A 
(4.1.2.5) 
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To simplify notations, we consider only the case (t, s) = (i, g — i), and we de- 
note E xs = E. Further, we define G = \i\E\x\. Let the block structure of G be 

(G G \ 
„ n „ 12 I . Finally, if det/xi(cr) is invertible in Z„2 then we define matrices X\, 
G21 G22 J 

X 2 by the formula 



and F = G~ l = (niEp,\y 



V»=[ X 1 \ 2 )^ (4-1.3) 

F\i F12 
F21 F22 



Remark 4.1.4. Matrices /xi, \x 2 play symmetric roles in the contents of the 
present subsection, so it is possible to rewrite it for the case det/X2(c) is invertible 
in Z p 2. Recall that if a £>* (see (4.2.9)) then either det/ii(a), or det/i2(c0, or 
both of them are 7^ 0. So, when we shall consider in the sequel an element a £ ID*, 
we shall assume always that det ji\ {a) 7^ 0. If not, then we interchange roles of 
A*i(c)) A*2(c) and we get the proof for the case det Hi(cr) = 0, det ^(c?) 7^ 0. 

We shall apply terminology "real", "imaginary" etc. to the extensions Q p 
Q p 2 , F p F p 2 in the obvious sense. 

Proposition 4.1.5. G is real (and hence symmetric) matrix. 

Proof. Follows immediately from the definition of G and (4.1.2). □ 

Clearly the same is true for F. 

Proposition 4.1.6. im Xi = Fn, im X 2 = F±2 (and hence F 2 \ = im X^)- 

Proof. Writing down the real and the imaginary parts of the (1,1)- and (1,2)- 
block entries of the equality (4.1.3) we get 4 equalities: 

-re X 1 + re X 2 A - Aim X 2 C = (4.1.6.1r) 
-im I 1 +reX 2 C + imI 2 A=l (4.1.6.H) 
Aim X x C l -reX 2 + Aim X 2 U = (4.1.6.2r) 

-re X x C l - re X 2 U - im X 2 = -A 1 (4.1.6.2z) 

where the last 2 symbols r (resp. i); 1 (resp. 2) in the number of the equality 
mean that it comes from the equality for the real (resp. imaginary) part of (1,1) 
(resp. (l,2))-blocks of the equality (4.1.3). 

Now we eliminate re X±, re X 2 from these equalities (firstly we find re X2 from 
(4.1.6.2r) and secondly re X\ from (4.1. 6. lr); we get 

im Xi(-1 + AC*C) + im X 2 (A + AUC) = 1 (4.1.6.3) 

im X 1 (-AC t U-AC t AC)+im X 2 (-l-AUAC t +ACC t -AU 2 ) = -A 1 (4.1.6.4) 
It is sufficient to check that 
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im Xi Gn + im X2 G 2 ± = 1 



(4.1.6.5) 



im Xi G12 + im X 2 G 22 = (4.1.6.6) 

Writing down explicitly Gjk we get immediately that (4.1.6.5) = (4.1.6.3) and 
(4.1.6.6) = (4.1.6.3) -A 1 + (4.1.6.4). □ 

Corollary 4.1.7. det im X x ± detG 22 ^ 0. □ 

4.1.8. If detim X x ^ then we define W = -F^F 12 = -(im X^im X 2 . 
Corollary 4.1.9. In this case we have for any g, i: 

F 11 W + F 12 = 0; (4.1.9.1) 
WG 22 = G 12 (4.1.9.2) 
F 21 W + F 22 = G 22 1 (4.1.9.3) 

det G = det G 22 det(Gu - WG 22 W l ) (4.1.9.4) 

Proof. (4.1.6.6) (resp. (4.1.6)) and the definition of W imply immediately 
(4.1.9.2) (resp. (4.1.9.1)). Further, (4.1.9.3) follows from a general matrix formula: 
$11 #12 \ ~_i ( <Sn <Sl2 



let # = [ _ ) , = # 1 = [ ^ ^ I be arbitrary block matrices, #n is 

V" 21 !> 22 / v® 21 1822 / 

invertible and 2U = -^l^- So, £ 2 i2n + #22 = (S^ 1 - Analogously, (4.1.9.4) also 
holds for any #, (3 = # _1 . D 

Now we consider the case when det im Ii =0. 

Lemma 4.1.10. Let D 7^ be a matrix with entries in ¥ p such that Dim X\ = 
0. Then Dim X 2 7^ 0. Particularly, det im X\ = implies im X 2 7^ 0. 

Proof. We reduce (4.1.6.L), (4.1.6.2r) modulo p, multiply them by D from the 
left and eliminate Dre X 2 . Dim X ± = implies Dim X 2 (A + AUC)) = D, this 
contradicts to conditions Dim X 2 = 0, D 7^ 0. □ 

For a vector row X = (xi, x 2 ) we denote by X° the orthogonal vector (—x 2 , xi), 

and for a vector column X = ( Xl ) X° will mean f X2 

\x 2 J \ Xi 

Proposition 4.1.11. Let g = 3, i = 1, Fn = 0. Then 

F° 2 F 22 F°2 = — det F (4.1.11.1) 
(we identify a 1 x 1-matrix with a number); 

^8*8* = TT^ 22 (4.1.11.2) 
detD 

F 22 F°2 = — det F G 21 (4.1.11.3) 
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The determinant of the matrix formed by vectors F 2 i, G 21 is 1- 



(4.1.11.4) 



Proof. All these equalities hold for any symmetric invertible 3 x 3-matrix F 
having Fn = 0. □ 

Now we need a lemma for the case when both det p,\ = det jj, 2 = 0. The following 
simple proof of this lemma is due to A. Zelevinskij. 

Lemma 4.1.12. Let g is arbitrary, i = 1. If det fx\ = det fx 2 = then the 
(g - 1) x sr-matrix ( A + (7 V /Z A -1 - Uy/-A ) has rank < g - 2. 

Proof. We consider the following (g + 1) x (7-matrix ,u: 

-1 -c'V^a 

-A*y/=A 

A + Cy^A -l-f/v^A 
For each i = 1, . . . , g — 1 we consider 2 minors m^i, of this matrix: 
m^i is formed by all lines of p, except the i-th line of the block 
( A + C\/—A —1 — £/V —A ), and by all columns of fi; 

rrii2 is formed by all lines of the block ( A + Cy/— A —1 — U^—A ), and by all 
columns of jU, except the z-th column of the block —1 — U^f—A. 

Elementary transformations show that (taking into consideration 4.1.2) for all i 
we have detm^i = detm^- This implies immediately the lemma. □ 

Subsection 4.2. Finding of D-equivalences of some o^- 

Let <7i, a 2 G £((7, i) open , i.e. they are matrices of type (4.1.1). Let us consider 
objects associated to a defined in Section 4.1, namely A, U, C, fa, G, Gij, F, Fij, 
Xi = 1, 2). These objects for the above at (k = 1, 2) will be denoted by Ak, Uk, 
Ck, fak, Gk, Gijk, Fk, Fijk, Xik respectively. Recall that a\, a 2 are D-equvalent iff 
3q = h + k\J—A G GV(Zp) such that aia(g)a 2 1 has integer entries. 

Analog of (3.3.1.2) is the following: 



/ * * * p 1 A 



p X A 2X * p 1 A 23 p 2 A 



14 



V 



24 

* * * p _1 A^4 

* * * * 



(4.2.1) 



where *'s and A** are some polynomials with integer coefficients in h, k, Ai, Ui, 
d (i = 1, 2) and hence G M g (Z p ). 

Analog of t(a) of (3.2.2) is the pair fa(cr), p 2 (a). For j = 1,2 we denote 

B % = Bifa, a 2 ) = fa X QEjl\ 2 E a (4.2.2) 

where a = for i = 1 and a = 1 for i = 2 (this factor E a is not important). 
Analogs of (3.3.1.3) are 

ty to *=u t) <- 3 » 

These equalities show that B\, B 2 have the form 



Z p + v^AZ p Zp + py/^AZ p 
Zp + p v^AZp Zp + p 2 v^AZp 
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(4.2.4) 



(sets mean that the corresponding entry of B l7 B 2 belongs to this set). 
(4.2.5) Now we can formulate an analog of (3.3.1.4): 

o"i is -D-equivalent to o~2 -<=>- 3<7 G GV(Z p ) such that Bi, B 2 satisfy (4.2.4). 

In some cases I cannot find classes of D-equivalence. Nevertheless, as a first 
step of the future investigations in many cases it is possible to prove that some o\ , 
cr 2 G S(g,i) satisfy the following condition that is weaker than (4.2.5): 

Condition 4.2.6. 3g G GV(Z p ) such that 



/Z p + v^AZ p Z p +p^EZ p \ (A97 , 

(the only difference is the first power of p in (2,2)-block) which is equivalent to the 
condition 



BuB,^*'*^' £) (4.2.8) 

Now we define the ©-partition of S(g, i) (see 1.6.2). We give formulas only for a G 
S(g : i) open leaving the definitions for other a as a subject of further investigation, 
see Remark 4.2.11. Firstly, 

a g £>* det£ii(cr) = det/^O?) = (4.2.9) 

Further, if det ji\ (a) ^ then for j = 0, . . . , i we define 

a G S)j rank zm Xi = j (4.2.10) 

Remark 4.2.11. We have the following table of the corresponding formulas for 
D-partition for the cases T p = T p and T p y. 

1 = T T ■ 

Lemma 3.2.3 (property) Formulas 4.2.9, 4.2.10 (definition) 

Formula 1.5.1 (definition) Theorems 1.6.5, 1.6.6 (properties) 

The reason of this non-coincidence is the following: theorems 1.6.5, 1.6.6 do not 
permit us to distinguish between all possible cases, so I cannot take their formulas 
as definitions. See also 1.8.6. 

Particularly, I do not know the exact definition of D-partition for the complement 
of S{g,\) open , hence all subsequent theorems are proved only for S(g,i) open . 

Remark 4.2.12. If det /J,i(a) = 0, det /^((t) ^ then (see Remark 4.1.4) we can 
define ®j, j = 0, . . . , i, interchanging the roles of /xi, ^2 in (4.2.10). Since for any 
invertible complex matrix X we have rank im X = rank im (^ _1 ) the formula 
(4.2.10) is invariant respectively the permutation of fii, ^2- 

Remark 4.2.13. For g = 3, i = 1 this definition is equivalent to the following 
one. We define a 2 x 2-matrix D\ = D\(cr) with entries in ¥ p whose i-th line (tji, t i2 ) 
is the line of coordinates of det fii(a) in the basis (1, \J — A): 

tii + t i2 V^A = det fJLi(a), G F p , % = 1, 2 
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We have: (A; = 0,1): 

D* = {cr G 5(3, l) open | rank (&(<?)) = 0} 



(4.2.13.1) 



£ fc = {a G 5(3, l) open | rank (9t(a)) = fc + 1} (4.2.13.2) 

Remark 4.2.14. For g = 3, i = 2 Lemma 5.3.5.4 shows that £ = 0. 

Theorem 4.2.15. For any g, i we have: if g — i is odd then a\, 02 G ®i 
are D-equivalent. If g — i is even then a\ is D-equivalent to a-i iff the ratio 
det(5 2 2i/ det(7 2 22 is a square in F*. 

Proof. We have det p,u 7^ 0, i = 1,2. (4.2.2) implies that 

= fi^B^ 1 (4.2.15.1) 



When we shall D-prove equivalence of a\, 02 in this and subsequent theorems, we 
shall prove that there exist B\, B 2 satisfying the following condition: 



B u B 2 e ^p + ^ Z p J>j (4.2.15.2') 

which is stronger than (4.2.4), and when we shall prove non-D-equivalence, we shall 

$23 23 

prove that do not exist B 1: B 2 satisfying (4.2.8). We denote Bi - 1 



Let us assume that (4.2.15.2') for Bi is satisfied. (4.2.15.2) gives us 



®21 ®22 



S-U*.;^ ™»£**»)B (4,,,3) 

So, if 

im X n «Bi2 + im X 21 «B 22 = (4.2.15.4) 



im X 12 23 21 + im ^22®22 = (4.2.15.5) 
then (4.2.15.2') for B 2 is satisfied. 

Condition Oi G Q x is equivalent to the condition det im Xu G Z*, i = 1, 2. So, if 

we set 

<Bi2 = Wi<B 22 , 35 2 i = »22W 2 * (4.2.15.7) 

(Wi are defined in (4.1.8)) then (4.2.15.4), (4.2.15.5) will be satisfied. Substitut- 
ing the expression for g from (4.2.15.1) to (3.1.1) we get that B\ must satisfy 

B 1 F 2 B\ = XGi (4.2.15.9) 

Writing down (4.2.15.9) in block form and taking into consideration (4.2.15.7), we 
get that (3.1.1) is equivalent to the following 3 equalities: 
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'Bii.Fi^ii + W 1 m 22 F 212 m\ 1 + »iiF 122 »* 2 W? + W 1 ^ 22 F 222 ^ t 22 W{ = AG m 

(4.2.15.10) 

23ii(Fn 2 W 2 + Fi 22 )23* 2 + Wi^ 22 (F 2 i 2 W 2 + F 222 )<B* 2 = XG 121 (4.2.15.11) 



&22(WZ(F 112 W 2 + F 122 ) + (F 212 W 2 + F 222 ))<B* 2 = AG 221 (4.2.15.12) 

For those who does not know Corollary 4.1.9 these formulas look rather compli- 
cated, does not it? But using this corollary we get that (4.2.15.12) becomes 

»22G2 2 2»^ = AG 22 i (4.2.15.13) 

and (4.2.15.11) follows from (4.2.15.12). The theory of quadratic forms over ¥ p 
shows that the statement of the theorem is necessary, and if it is satisfied, then 
(4.2.15.11), (4.2.15.12) are satisfied. 

Finally, (4.2.15.10) has the form QSnPQ^n + + »nQ + R = where 

P, Q, R are some real matrices, P, P are symmetric and det P^O. The substitution 
<B n = <B' n - Qtp- 1 eliminates the linear terms: we get W 1X PW^ + R' = 0, 

R' = R — Q t P~ 1 Q. It is easy to prove that always detP' ^ (if o 2 = 

(i.e. if A 2 ,U 2 ,C 2 = 0) then this follows immediately from (4.1.9.4); the proof for 
other a 2 is similar). So, the theory of Hermitian forms over Z p shows that we can 
choose Q5n such that (4.2.15.10) can be satisfied. □ 

Proposition 4.2.16. For the case g = 3 we have: if i = 1, a± e Do, cr 2 e Si or 

i = 2, ffi G Si, a 2 E D 2 then o\ is not D-equivalent to o 2 . 

Proof. According Remark 4.1.4, we consider only the case when det /in 7^ 0. 
We have: detim X\\ = 0, detim X\ 2 7^ 0. Let us assume existence of B\. 

Case i = 1. Equalities (4.2.15.1) - (4.2.15.3) and the reductions of (4.2.15.4) - 
(4.2.15.5) continue to be true, so (4.2.15.7) becomes 

®21 = ^22^2* (4.2.16.1) 

hence im X 21 ^& 22 = 0. (4.2.16.1) implies that im X 2 ^& 2 \ = 0, i.e. im X 21 ■ 
(5B21 ^22) = 0. According Lemma 4.1.10, we see that Pi is degenerate. This 
contradicts to (4.2.15.1). 

Case i = 2. Equalities (4.2.15.1) - (4.2.15.3), the reductions of (4.2.15.4) - 
(4.2.15.5), and (4.2.16.1) continue to be true. There exists a 1 x2-matrix P 7^ such 
that D im X\\ = 0, hence the reduction of (4.2.15.4) implies that D im X 2 i*B 22 = 0, 
Lemma 4.1.10 implies that *B 22 = and (4.2.16.1) implies that 23 2 i = 0, hence 
det Pi = 0. This contradicts to (4.2.15.1). □ 

Proposition 4.2.17. For the case g = 3, i = 1 we have: if o\ £ So U Si, 
a 2 G S* then <j\ and a 2 are not D-equivalent. 
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Proof. (j\ G Do U Di implies that there exists i = 1 or 2 such that det fin ^ 
mod p. For a matrix A we denote by the j-th column of A. According 
Lemma 4.1.12, (/U* 2 )(3) = i{P\t){2) mod p where the coefficient of proportionaly 
7 G F P (V— A) obviously is not real. This implies that (-E?i)(3) = 7(_Bj)( 2 ) modp, 
hence both (-Bj) (2 ) = (-Bi)(3) = mod p. Since (5;)( 2 ) = HhqE ■ (/2- 2 )(2) and 
(^2) (2) 7^ mod p, we get that the columns of hhqE are linearly dependent 
modulo p — a contradiction to the condition det fin, det 7^ mod p. □ 

Proposition 4.2.18. Let a G £>*. Then T Pi i(y) /((J ) = 1/ a G £ ,* (see 

1.4.1 for the notations). Particularly, Do,* is a part of D-partition. 

Proof. To simplify calculations, we consider only the case of a such that (in 
notations of 4.1.1) A, C = 0, and U G M 2 (Z) is any symmetric matrix. Calculations 
for the remaining a are similar but more complicated. Like in the proof of the 
theorem 3.3.5, we use 3.3.5.1. 

This means that T Pj1 (V)j^ = V iff there exists g G Gy such that ord p (det$j) = 
3 and entries of a(g)a~ 1 are integer. 

We write q = h + k^/—A and we denote block entries of g, h, k by Qij, hij, kij 
respectively. Writing down the entries of a (s)cr _1 we get that they are integer iff 

(4.2.18.0) Entries of hu, /i 2 i, fen, fe 2 i are = mod p 
and 

-h 12 U + k 12 = mod p 2 (aoik-W 

Ak 12 U + h 12 = modp 2 l4./.i».ij 

-h 22 U + k 22 = modp 2 (aotao\ 
Ak 22 U + h 22 = modp 2 ^.±a.^ 

(4.2.18.1) (resp. (4.2.18.2)) implies that (l + AU 2 )h 12 (resp. (1 + AU 2 )h 22 ) = 
mod p 2 . 

Further, we have: 

ord p (det(l + UV^A)) = ord p (det(l + AU 2 )) = 0; 



ord p (det(l + U\^A)) = 1 1 + AU 2 = mod p, ^0 mod p 2 , 

and in this case ord p (det 1+J ^ u2 ) = 0; 

ord p (det(l + UV^A)) > 2 1 + AU 2 = mod p 2 

This means that if ord p (det(l + U \/—A)) = then hi 2 , ki 2 ee mod p 2 ; to- 
gether with (4.2.18.0) this means that ord p (detfj) > 5, i.e. T p ,i(l^)/( CT ) 7^ 

If ord p (det(l + t/ v /Z A)) = 1 then (4.2.18.0) — (4.2.18.2) imply that h %3 = ph[ p 
k^ = pklj with integer h'^, k'^ and that h' i2 , k' i2 satisfy 

—h' 12 U + k[ 2 ee mod p 
Ak' l2 U + h' l2 ee mod p 

—h' 22 U + k' 22 ee mod p 
Ak' 22 U + h 22 ee mod p 
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These conditions mean that ( , } 2 , — r-, } 2 I (l — \/—AU) = 0, i.e. the second 

and the third columns of -0 are linearly dependent. This means that ord p (det g) > 
3, i.e. T pA {V) I{a) ^V. 

Finally, if ord p (det(l + XJ \J — A)) > 2 then we can take 0n = p, 012 = 021 = 0, 
022 = ^22(1 + Uy/—A), and the condition A(0) = p 2 becomes 1+ p 2 U = h 22 h 22 . 
This equation can be solved for any U such that the corresponding a is in Do,*. □ 

Theorem 4.2.19. For g = 3, i = 1 the field of definition of any intermediate 
irreducible component of T Pj i(V) is K p . 

Proof is similar to the proof of the theorem 3.3.6. In the present case a G 
S(g,i) open is given by (4.1.1). It satisfies the analog of (2.13), and we can take 
f = T P ,iO" t_1 - The p-component of /C p is the set of matrices 7 G GSp 2g {JL p } having 
the block structure 7^, i,j = 1, . . . ,4 such that 

712,732,741,743 = modp, 742 = mod p 2 (4.2.19.1) 

Analogs of (3.3.6.1) - (3.3.6.3) hold for the present situation, and (3.3.6.4) is 
changed (according (4.5.2.1)) as follows: 

(4.2.19.2) belongs to the p-component of K,y,p, r iff 

[ra(0)r _1 ]i2, [ra(0)r _1 ] 3 2, [ra(0)r _1 ] 4 i, [ra(0)r _1 ] 4 3 are = mod p, 

and [ra(0)r _1 ]42 is = mod p 2 

To formulate an analog of (3.3.6.5), we denote Bi = Bi(a,a) (i = 1,2) like in 
(4.2.2). The analog of (3.3.6.5) is the following: 



imB =( *_ i ra (Q) r _ UA - im B =( *_ t ra (fl) r _ 

1 \[ra(Q)r-% 2 [ra(0)r- 1 ] 42 J 2 \ [ra(0)r _1 ]i 2 [ra(g)r-% 2 J 

(4.2.19.3) 

According Remark 4.1.4, we can restrict ourselves by the case when det / ui(a) 7^ 
0. Let us take any G K,y,p,r- Since X\ is real, the reduction of (4.2.15.4) implies 
that (im ^2)^22 = 0, and lemma 4.1.10 implies that det<8 2 2 = 0. (4.2.19.2), 

(4.2.19.3) imply that B x = ( * + ^~^* ~* ^ 

y * U>22 / 

(entries of *'s are in F p ). Since sizes of blocks are (1,2), this means that 
im detl?! = 0, i.e. detSi G Z p + p\/—AZ p , and hence det0 G Z p + p\J — AZ p . 
For any a G Do, any a G Z p +p\ / —AZ, p it is easy to construct examples of matrices 
G fCv, P ,r such that det0 = a. This means that the field of definition of this 
component is K p . □ 

To formulate the conjecture on the restriction of I-partition on Dq and on the 
Galois action on the corresponding set of irreducible components, we must recall 
that the projectivization of the set of 2 x 2-matrices of rank 1 is P 1 x P 1 . Recall that 
for a G D the matrix JK(<r) (defined in 4.2.13) is of rank 1. Let P(9t(<r)) G P 1 (¥ p ) x 
P 1 (F p ) be its projectivization. So, there exists a map Do — > P 1 (¥ p ) x P 1 (F p ) 
defined on a G D as follows: a i-> P(9t(<7)). Let 7Tj : D -> ^(Fp) (i = 1,2) 
be the composition of this map with the projection of P 1 (F P ) x P 1 (F P ) to the i-th 
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factor. Let a G D . We denote the restriction of iXi to S(3, 1)d( ct ) by 7r aji (we use 
notations of (1.4.1), (1.4.2)). 



Conjecture 4.2.20. There exists % = 1 or 2 such that parts of I-partition 
restricted to S(3, I)d(o-) coincide with the fibers of Ti a ,i- Particularly, D(a)i — the 
set of these parts — is indexed by elements of P 1 (F p ) , and the action of Galois group 
Gal (KP/K 1 ) = ¥* p2 /¥* p on D(<t)j coincides with the natural action of Gal (Rp/K 1 ) 

onP 1 (¥ p ). 

I do not know whether % is 1 or 2. 

Remark 4.2.21. For g = 3, i = 1 there exists a constant c (which does not 
depend on p) and an extension L/K 1 of degree c such that the field of definition of 
any special component of T Pj i(V) is a subfield of L. 

gde-to eshchyo, no ne znayu, gde]. 

Idea of the proof. We use notations of Theorem 4.2.19. We consider only 
one a given by (4.1.1) with A, C = 0, U = ( U2 U3 ) where u 2 , 113 satisfy 



us -u 2 

A(u2 + ul) = —1 mod p. We denote by v the coefficient of proportionality between 
the second and the third lines of pi(cr). Obviously v is not real, hence (4.2.2), 
(4.2.19.2), (4.2.19.3) imply that 

/* 0\ 

B x = (4.2.21.1) 
\0 0/ 

where * e F* 2 . Moreover, the expression for p 2 shows that (4.2.21.1) is equivalent 
to (4.2.8) for B 2 . 

A direct calculation shows that (4.2.21.1) is equivalent to the following relations 
between entries Qij of g: 

S22 - 033 - ^023 - ^032 = (4.2.21.2) 

-^012+013=0 (4.2.21.3) 



^02i+03i = O (4.2.21.4) 

Even diagonal matrices q satisfying (4.2.21.2)-(4.2.21.4) can have (almost) any 
determinant in F* 2 after reduction; really, their determinants form a subgroup of 
index < 3 in F* 2 . This implies the desired. □ 

Section 5. Miscellaneous. 

Subsection 5.1. Case g = 3, i = 2. 

We use notations of Section 4.1 (particularly of 4.1.1), so E will mean E\ 2 - Let 
us describe 2)*. We denote A = (ai a 2 ), C = (ci c 2 ) (the 1 x 2-matrices), U = (u) 
(the 1 x 1-matrix). Further, if p = 3 mod 4 then we denote -j= by r (we have 

r G F p ) and r\J — A by % (we have % G F p 2 is purely imaginary and i 2 = —1). 
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Theorem 5.1.1. is non-empty iff p = 3 mod 4. In this case £>* nS(3, 2) open 
is the set of matrices of form 4.1.1 such that 



a x + a 2 = 1, £7 = 0, C = (era 2 , — erai) mod p 
where £ = ±1. 

Proof. Direct calculations. Conditions det/ii(a) = det/^cO 
following (equalities in F p ): 

it + aici + a 2 c 2 = 
it — aici — a 2 C2 = 

°1 + °2 = 1 

c?+c| = l/A 

Solving this system we get the desired. □ 

Remark. I am very astonished by this result, because this is the only case (in 
[L01] and in the present paper) when something depends on residue of p modulo 4. 

Theorem 5.1.2. There exist a\ G 02 G 2)* which are not D-equivalent. 

Remark. Conjecturally, any ai G Di,a 2 G 2)* are not D-equivalent. 

Proof. We choose a±, a 2 having respectively (in notations of 4.1.1) 

A=(l 0), U = 0, C=(0 0) (5.1.2.1) 



(5.1.1.1) 
= are the 



A=(l 0), U = 0, C=(0 r) (5.1.2.2) 

(i.e. for a2 we have a± = 1, a 2 = 0, e = —1 of 5.1.1.1). We shall prove that the 
condition 4.2.6 is not satisfied for these c^. gg We shall make all calculations in ¥ p 
without indicating tilde, i.e. all elements are reduced. We have 
-10 
A*i2 = I -1 -i 
1 i -1 



v^A 




^22 = I V=A 
1 % 

We denote the third line of /in by /. Conditions (4.2.8) for B\ have the following 
form: 

5.1.2.3. [IhqEI 1 is real (condition of reality of {B{)^); 

5.1.2.4. ( / un0£ , ) 3 i is real (condition of reality of (-81)31). 

Reality of (-61)32 follows from these conditions, because the second line of H12 is 
a lineal combination with real coefficients of its first and third lines. 



Conditions (4.2.8) for B 2 have the following form: 
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5.1.2.5. ^2iQEl l is real (condition of reality of (£? 2 )*3); 

5.1.2.6. ( / U2i0-E')32 is imaginary (condition of reality of (-62)32); 

5.1.2.7. — r(I?2)32 + (-62)33 = (because the first line of H22 is the linear combi- 
nation of its second and third lines with coefficients — i, y/— A). 

Since 

^2i = ( X n * 21 )/*n (5.1.2.8) 
we see that (5.1.2.3), (5.1.2.5) are equivalent to the condition 

5.1.2.9. ihiqEI* = where * is real. So, (5.1.2.7) implies 
W 

(#2)32 = (P2idE) 3 2 = (piiqE) 32 = (because of 5.1.2.8). 
We see that 5.1.2.7, 5.1.2.9 are equivalent to the condition 

VU V\2 V\\ - W12 + Z\ 

A*u0 = I ^21 V22 V21 - W22 I (5.1.2.10) 

Z2 Z 2 



where Vij G F p 2, Zi e F p . 
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Now we take Z = \ l f 1 | , so g' ^= fingZ = ( ^22 ^21 | • In terms 



of g' -1 the condition (3.1.1) has the form 

Z^EZ 1 ' 1 = Ag'^dg'*" 1 (5.1.2.11) 

f-1 -i -1\ 

(Gi = /Un^Mi from 4.1). We have: Z^EZ*' 1 = \ i % and g' 1 

V-i -i ; 

has entries similar to the entries of g'. Writing explicitly the (2,2)-entry of the right 
hand side of (5.1.2.11), we get a contradiction. □ 

Proposition 5.1.3. The field of definition of the intermediate component that 
corresponds to a given by (5.1.2.1) is K. 

Proof. We use notations of Theorem 4.2.19. We denote the (i,j)-th element 
(not block!) of B x by 6^-, 1 < i, j < 3. We get that the left hand sides of (4.2.15.4), 

hence the condition that B 2 satisfies (4.2.4) is 



are ^ 


^33 


\ ( 


-£>23 


r \-b32 


* * 






* * 





where b 


'31 







#1 = 

condition (3.1.1) 

we get immediately that det B\ — and hence det g — can take any value. So, 
the field of definition of the corresponding component is K. □ 

Remark 5.1.4. Conjecturally, all special components of T Pj2 (V) are defined 
over some field L of Remark 4.2.21. 
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Subsection 5.2. Action of T p on components of T p (V). 

We use notations of (1.4.1). Let a G S(g) be an element. For i = 0, . . . ,g we 
denote 

S(g,i,a) = {a' e S(g)\a'a eTr^T} 

Therefore S(g) = Uf=o ^G?) a ) ( an un i° ns m this subsection are disjoint), and for 
G So(g, i) we denote 

S(0,i,<r) fc = {a G S(g,i,a)\a'a G \J Taj}. 

It is easy to check that if <ti,<T2 G «S(<7) are D-equivalent then generally 
S(g, i, (7i)fc 7^ i, cr 2 )fc, but 

S(g, i, <ri) fc ^ S(<7, i, a 2 ) fc ^ (5.2.1) 

Let us fix some t G So(g) (i.e. a class of D-equivalence in £((7) = a Shimura 
subvariety T p (V)t of T p (V)).The answer on the problem of description of T p (T p (V)t) 
is given by the following two propositions: 

Proposition 5.2.2. Let i G {0, . . . ,#}, k G <Sd(<M)- Then T Pj i(V)fc is a compo- 
nent of T p (T p (V)t) iff for a G S^sOe we have: S(g, i, cr)^ 7^ (according (5.2.1), this 
condition does not depend on a choice of a). □ 

Now let us find miltiplicities. We have a formula T p = ^2f =0 W p (i)T Pj i where 

WpW = llj=i(P J + !)• Let us fix a" G S 1 ^, i)fe. We can represent the coset To" by 
W p (i) ways as the following product: 

IV" = IV^ (5.2.3) 

where ex'-, Oj G S 1 ^), and j = 1, . . . , Wp(i) is the number of the way of represen- 
tation as the product. 

Proposition 5.2.4. The multiplicity of T p ^(V)k in T p (T p (V)t) is the quantity 
of j in (5.2.3) such that we have a' Q - G S(g)f. □ 

Now let us apply propositions 5.2.2, 5.2.4 to some i, t, k. We denote 2 good 
elements of <Sd(3) by k g i, k g 2 and the bad element by k^. Analogously, we denote 
2 general elements of <Sd(3, 1) by ki g i, k\ g 2, the intermediate elements by kn a 
(a runs over the set of components of T Pi i(V) of intermediate type), the special 
element corresponding to 2)o,* by ki S Q and other special elements by k\ sa (a runs 
over the set of components of T Pt i(V) of special type). 

5.2.5. Case i = 1, t = k gl . We take a = ^ pE e S(3) fcsl , and let 

a' G 5(3) be a generic element such that a' a G 5(3, 1). This a' corresponds to the 
case I = {2, 3}, where I is from [L04.1], Section 2.3. We take a' from the proof of 
the Proposition 3.4.3, Case I = {2,3}, D = (di g^)- In these notations a' a is a 
matrix described in (4.1.1), with A = D l , C = 0, and U of (4.1.1) is = mod p. 

This means that Hi{a a) = [ D t _ E J> M</<r) = I _^ )• 
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So, SH(ffV) = y 1 Jj d 2 J ^ is ^ e ^ ne< ^ in 4-2.13). This means that a'a 

never belongs to 2)*, and belongs to Do iff d\ + d\ = 1. So, we have got a 

Proposition 5.2.6. T p (T p (V)fc J (i.e. T p of a good component of T p (V)) 
contains components of T Pj i(V) of general and intermediate types. □ 

Remark 5.2.7. (a) Consideration of other (non-generic) components of S(3), 
and of k g 2, shows that T p of any good component of T p (V) does not contain com- 
ponents of T Pj i(V) of special type. 

(b) In terms of the Pliicker coordinates on S(3) (see notations of Remark 3.2.5) 
the condition d\ + d\ = 1 is equivalent to the condition fi'23 (cr') — v\2'^{cr') — 

1>123'(cr') = 0. 

5.2.8. Case i = 1, t = k^. We take a from the proof of the Proposition 3.4.3 
(see the first line of the proof), and a' as in 5.2.5. We have 



m / / s _ f -Aw 1 (-djw 1 + 2d 1 w 2 -w 1 ) -w 1 (l-dj) 
~n{cra)-\ A(-d 2 l w l + 2d 1 w 2 -w 1 ) 1-d 2 



(5.2.9) 



We have det ^(cr'cr) = computer, file logachevl9, calculations on pages 21.1.2, 
45.1-3)]. So, we have got a 

Proposition 5.2.10. T p of the bad component of T P {V) contains the component 
of T Py i{V) of intermediate type. □ 

As earlier we have a 

Remark 5.2.11. Consideration of other (non-generic) components of £(3) 
shows that T p of the bad component of T P (V) does not contain components of 
T Pj i{y) of general type, and does contain components of special type (although the 
above matrices (5.2.9) are all non-0). 

Now we use Proposition 5.2.4 in order to find multiplicity for the case when 
k = km corresponds to a component of intermediate type. We take the simplest 
value of a" defined by (4.1.1) with U = 0, C = 0, A* = (1 0), this a" belongs to 
S(3 : l)fc m . To describe Uj, a'j (j = 0, . . . ,p; W p (l) = p + 1) we need the following 
matrices: 

/ p 0\ 
-1 1 
1 
1 1 
p 
V p) 
(\ j j 0\ 
1 j j 
1 
p 
p 
Vo p) 

M, a'j = Mj, j = 0, . . . ,p - 1 and a p = M , a' p = M. Using for 
example (3.2.6), (3.2.7) we get that M e S(3) kb and all Mj G S(3) kgl U S(3) kg2 . 
So, we get 
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M = 



Mj = 



We have Cj 



j = 0,...,p-l. 



Proposition 5.2.12. (a) The multiplicity of the simplest intermediate compo- 
nent ofT Pjl (V) mT p {T p {V) kb ) is 1. 

(b) Let rrii (i = 1,2) be the multiplicity of the simplest intermediate component 
of T Pj i(V) in T p (T p (V)k gi )- Then is the quantity of j G {0, . . . ,p — 1} such that 
Mj G S(3)k gi (i.e. the signature of T{Mj) is of type i). Particularly, mi + rti2 = p. 

n 

Remark 5.2.12'. We can expect that are similar results hold for any interme- 
diate component of T Pj i(V). 

5.2.13. Case i = 2, t = k g \. We follow 5.2.5. Namely, we take the same a as in 
5.2.5, and let a' G S(3) be a generic element such that a' a G S(3, 2). This a' corre- 
sponds to the case / = {3}, where I is from [L04.1], Section 2.3. We take a' from the 
proof of the Proposition 3.4.3, Case I = {3}, D* = (dis d 2 s). In these notations a' a 
is a matrix described in (4.1.1), with A = D f , C = 0, and U of (4.1.1) is = mod p. 

We have m(a's) = [ A -E 1 )' ^ ^ = { A -E x J' g 

that always det m £ 0, X 1 = ^/^A ( \ + f 13 f 13 ^ J , det im X 1 = 1 + d\ 3 + 4>. 

V "13«23 1 + «23 / ' 

So, we have got a 

Proposition 5.2.14. T p (T p (V)k J (i.e. T p of a good component of T p (V)) 
contains components of T Pj2 (V) of general and intermediate types. □ 

Remark 5.2.15. Apparently, T p of any good component of T p (V) does not 
contain components of T Pt2 (V) of special type. To check it carefully, we must 
consider a' of non-generic type. 

5.2.16. Case i = 2, fi = k{,. It is easy to check that T p of the bad component 
of T P (V) contains all components of T Pi2 (V). 

Subsection 5.3. A theorem on a weak "equivalence" of components of Di,*. 

Here we prove that in many cases the condition that cti, o 2 are ©-equivalent 
implies that ui, a 2 satisfy 4.2.6. 

Throughout all this subsection all calculations will be made in F p , i.e. we shall 
consider reductions of all objects. To simplify notations we shall not indicate tilde. 

We use here notations of the beginning of Subsection 4.2. 

Proposition 5.3.1. For the case g = 3, i = 1 we have: any cm, o"2 G Do H 

5(3, l) open satisfy 4.2.6. 

Proof, a E Do {det^i(cr) = and det /U 2 (cr) ^ 0} or {det/ii(cr) ^ and 

detim X 1 = 0}. 

Case 1. Both <7i, o"2 satisfy {det n\ ^ and im X\ = 0}. 

According (4.1.6), F 1U = 0. (4.2.15.4), (4.2.15.5) and (4.1.6) give us: 

F 12 iQS 2 2 = F 122 <B 22 = (5.3.1.1) 

This means that if 

<B 22 = kF^Fg, (5.3.1.2) 
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where k E ¥* (recall that all F, G are real symmetric) then B 2 satisfy (4.2.8). 
Analogs of (4.2.15.10) - (4.2.15.12) for the present case (taking into consideration 
(5.3.1.1)) are 



^12-^212^11 + ^11-^122^12 + ^12-^222^12 = ^111 (5.3.1.3) 
^12(^212^21 + ^222«2 2 ) = AGi 2i (5.3.1.4) 
^22^222^22 = ^221 (5.3.1.5) 

Substituting (5.3.1.2) to (5.3.1.5) we get 

fc -^21ll-^122-^222-ri22j-r211 — ^221 

Applying (4.1.11.1) for F 2 and (4.1.11.2) for F x we get 

2 detF 2 _ 

ft j 7 T-, ^221 — ^221 

det Fi 

i.e. if we take any k G Z*, A = k 2 ^^ and Q3 22 from (5.3.1.2) then (5.3.1.5) 
will be satisfied. 

Substituting (5.3.1.2) to (5.3.1.4) we get (taking into consideration (4.1.11.3) for 

F 2 ) 

?£> 12 Z = XG 121 (5.3.1.6) 

where Z = F 212 & 21 - fc(det F 2 )G§ 12 Fg 1 . 

Since vectors F 2 i 2 , G 212 are never linearly dependent (because of (4.1.11.4)) and 
F121 7^ 0, we get that for almost all *B 2 i det Z ^ 0. We choose any such <B 2 i, so 
for <Bi2 = \G 12 \Z~ X (5.3.1.4) is satisfied. 

Finally, in order to show that (5.3.1.3) has a solution respectively Q3n it is 
sufficient to check that ?&\ 2 F 2 \ 2 7^ 0. Let us assume the contrary: <; &\ 2 F 2 \ 2 = 
0. This means that *Bi 2 = czF° 22 . Substituting this value to (5.3.1.6) we get 
ak{<\et F 2 )F° 22 G 212 F° 21 = XGi 2 i. This implies that vectors F° 2 \, £121 are linearly 
dependent. But their determinant is 1 (because of (4.1.11.4)) — a contradiction. 

Case 2. g\ satisfy det//i(ai) 7^ 0, det/x 2 (ci) = 0, and a 2 satisfy det fj>i(a 2 ) = 0, 
det /J, 2 (a 2 ) ^ 0. 

Here we change slightly the definitions of the previous cases. Namely, we set: 
*2iV. __f0 I22V. D _.. ^ R _ f»n <Bi2 



^21 = 1 J ^11)^12=^0 1 J B = fj,ugEfj, 22 , B Q - ^<g 2i $g 22 

Further, let G±, F\ be as earlier, and G 2 = F 2 _1 = fj, 22 Ep, 22 , with the same partition 
on blocks as earlier. As earlier we have: im X 21 is proportional to F 12 i, im Y 22 is 
proportional to -F122, and all are non-zero. 
Further, we have 
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(4.2.7) and (5.3.1.7) imply that im X 2l <B 22 = »22un Y 2 \ = 0. Substituting the 
expression for q: g = ia^BqJi^ in (3.1.1) we get formulas analogous to (5.3.1.3) 
- (5.3.1.5). The end of the proof is similar to the one of the Case 1. 

Proof for the remaining cases when for one or both a\, a 2 satisfy {det Hi = 
and det/i 2 7^ 0} is analogous (we use Remark 4.1.4). □ 

Proposition 5.3.2. For the case g = 3, i = 1 we have: if a\, a 2 € 3D* n 

S(3, l)°P en and a 2 satisfy the condition A 2 = C 2 = then cti, a 2 satisfy 4.2.6. 

Remark. I think that this is true for any 07, o 2 6 3», without the restriction 
A 2 = C 2 = 0. 

Proof. We denote the scalar product of vectors by <.,.>. In order to simplify 
notations, sometimes we does not distinguish between the row and column vectors. 

We denote A\ = I ai ] , C\ = ( Cl ] , Ui = ( U221 U2Sl I . We assume the existence 



0,2 J \C2 J \ U 23 i U 33i 

of Q satisfying (4.2.6), transform the corresponding formulas and show that these 
transformations are invertible. We shall use notations Qi for the i-th column of g. 
(4.1.2.5), Lemma 4.1.12, condition <ti, a 2 G £>* n 5(3, l) open and (4.2.7) imply that 

(? ^*)<*w(-\£^)-(!fl <-,,, 

(ai + ci>/=A -1-U22i>/ = A -w 2 3iv /z A)fli =0 (5.3.2.2) 

(ai + ciV— A -1 - -U2 21V- A — n 2 3i \/— A \ 
-1 -civ^A -c 2 v /= A . A direct cal- 

1 -ai -a 2 / 

culation shows that 

det^n = det^i = detM = (5.3.2.3) 

If A = C = then the same arguments as in the proof of 4.2.18 show us that 
the proposition holds. If A 7^ or C 7^ then the second and the third lines of M 
are linearly independent and in this case (5.3.2.3) means that the first line of M is 
a linear combination of its second and third line. 

Let us find a solution to the above equations. We denote the vector product 

of the lines of ( }~ ^ ° 2 ^ ^ ) by 51, 21 = (0102 — c 2 ai)\/— A, — a 2 — 

cav/^A, ai + ci V /z A. (5.3.2.1) implies that (0 2 |0 3 ) ( _1 + U22 p/E~^ \ i s the r/5l 

\ W232V— a y 

for some coefficient 77'. We have: 

(-1 + W 2 22V /Z A)fl2 + «232V /Z A03 = V^, Or 

03 = ^21 + 702 (5.3.2.4) 
where 7 = I^my^E^ (( =A ] = _i implies W232 7^ 0) and rt is a coefficient. 

W232V - A \ P J 

Conditions < #2102,01 >= 0, < #2103,01 >= and (5.3.2.4) imply that < 
£2i5l,gi >= 0. Condition < # 2 i03,02 >= and (5.3.2.4) imply that 
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Further, Lemma 4.1.12 implies that < E 2 iQl,Ql >= 0. Condition a 2 G 2)* 
implies that 77 = —1. So, we get that (5.3.2.4), (5.3.2.5) imply that always < 
-52102,02 >=< -52103,03 >• Very well. Further, $ji must be orthogonal to both 
vectors a\ + ci^—A, —1 — U221V— A, — it23i\/— A (condition (5.3.2.2)) and 21. But 
again Lemma 4.1.12 implies that they are proportional. 

All above considerations are invertible, so in order to find g it is enough to choose 
a vector Qi orthogonal to 21 such that < -E2101, 0i >= 1, and a vector q 2 orthogonal 
to -E2101 such that < -£2102,02 >= 1 and such that < E 2 ia, 02 >^ 0. It is clear 
that it is possible. Finally, we take g 3 from 5.3.2.4, and all conditions are satisfied. 
□ 

Theorem 5.3.3. For the case g = 3, i = 2 we have: there exists o\ G 
D* n S(3,2)°P en such that for any a 2 G D* n S(3,2)°P en we have: a u a 2 satisfy 
4.2.6. 

Proof. We use the notations of the beginning of 5.1, we take o\ given by 
(5.1.2.2), (in 5.1.2 this element is denoted by cr 2 ), and a 2 is given by (5.1.1.1) with 
any a±, a 2 , s. Formula for all g satisfying (4.2.8) is the following: 

(<jj + \{ea 2 — p) |(o 2 + ep) + ie(uj - ai) 0\ 

\{ea 2 + p) - ai) -eu + |(-a 2 + ep) (5.3.3.1) 

1/ 

where fc, cj are parameters in F* such that p = a/1 — (ai — 2cu) 2 G F* (clearly this 
condition can be satisfied for many values of u). □ 

Remark 5.3.4. Method of finding of the formula (5.3.3.1). 

We denote by k the third line of pu (i = 1,2). We can treat the free 3- 
dimensional module F^ 2 as the free 6-dimensional module F^, and the imaginary 

part of the Hermitian form H(vi,v 2 ) = v\v\ as a bilinear form on F^. More 
exactly, there exists an isomorphism t : F^ 2 — >■ F^ such that 

im H(vi, v 2 ) =< t(v 2 ) > (5.3.4.1) 

where < ., . > is the ordinary scalar product on F^ (finding of formulas for 1 is an 
elementary exercise). 

Conditions (4.2.8) are corollaries of the following conditions: 

im H(hgE, m-) = 0, im H( mi , l^E 1 ) = (5.3.4.2) 

where mi (resp. m^), i = 1, . . . , 5, are 5 non-equal lines of matrices pn, p 2 \ (resp. 
PviiP'i'i)- (5.3.4.1), (5.3.4.2) imply that i{l\$E 2 ^) = k'v', i^qE^) = kv, where v, 
v' are 6-vectors whose coordinates are 5-minors of matrices formed by t(rrii), t(m^) 
respectively, i = 1, . . . , 5, and k, k! G F*. An easy calculation shows that v = i(h), 
v' = t(h), hence (4.2.8) is a corollary of the conditions 



h&E 21 = k'l 2 
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(5.3.4.3) 



%E 21 l\ = kl\ (5.3.4.4) 

Further, multiplying (5.3.4.3) by l\ from the right and (5.3.4.4) by T\ from the 
left, taking into consideration that H(l\,l\) = H(l 2 ,l 2 ) = 3 (this follows from the 
explicit formulas for them, see below), we get that if p > 3 then k = k'. 

Now we represent qE 2 i in the block form: g = ( ® u ^ 12 ] with sizes of diagonal 



021 022 

blocks 2,1. We denote U = (ln,—l) (i = 1,2), where In is a 2-vector formed by 
2 first coordinates of li, and —1 is the third coordinate of both Zi, l 2 . In these 
notations formulas (5.3.4.3), (5.3.4.4) are equivalent to the following expressions 
for 0jj in terms of 0n: 

012 = -klu +011^1 

021 = -khi + /n0ii 

022 = -k + higullt 
Now we substitute these formulas in (3.1.1). We get: 

0ii2l0ii+0ii<B + ®*0ii = £ (5.3.4.5) 

(011210*11 + »*fl*n - h 2 E 2 )l\ x = (5.3.4.6) 

Zii0u2l0i Jn = -A - k 2 (5.3.4.7) 

f\ + k 2 ik 2 \ 

where 21 = E 2 - 93 = kl^hi, £ = \E 2 - l^hi = I \ + k 2 I ' 

Now we make a change of variables in order to eliminate the linear terms in 

(5.3.4.5) : 0n = 7 — 23*2t -1 , and we substitute the square part of (5.3.4.5) to 

(5.3.4.6) , (5.3.4.7). We get: 

7217* = C + ^T 1 ^ 
[(A + k 2 )E 2 - 7 <B + = 

-Zii7»Z~n - hi&flu + hi(£ + 2<B t 2t- 1 QS)I* 1 + (A + k 2 ) = 

Substituting values of all objects in the above equations, we get that (5.3.4.6), 

(5.3.4.7) become respectively 

-2/^ + (A - 3£; 2 )/li = (5.3.4.8) 

-2M 1 i 7 ^ 1 - 2^217^1 + 3A - 11A; 2 = (5.3.4.9) 

Substituting the expression for 7^! from (5.3.4.8) to (5.3.4.9) we get that 
(5.3.4.9) becomes A = k 2 and (5.3.4.8) becomes 
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+ kl\ x = (5.3.4.10) 

(7il 7i2 \ 
and Tji = Xj+iyj. (5.3.4.10) gives us expressions 
721 722 / 

of 7j2 in terms of Xj,yj. Substituting in (3.1.1) we get a system of equations with 
unknowns Xj,yj. Formula (5.3.3.1) comes directly from these solutions. 

Conjecture 5.3.5. For the case g = 3, i = 2 we have: any a\, a 2 G Di fl 

5(3, 2)°P £n satisfy 4.2.6. 

Idea of the proof. We use notations of Subsection 4.1. According Remark 
4.1.4, we consider only the case detmn 7^ 0, detmi 2 7^ 0. We have G 22i = 
(Corollary 4.1.7) and hence 

im X u G 12i = (5.3.5.1) 
(from 4.1.6.6). Further, F 1H G 12i = (definition of F, G). Further, 

<B 22 = (5.3.5.2) 

- like in the Proposition 4.2.16, case i = 2, hence (4.2.15.5) implies that 

im Xi2»2i = (5.3.5.3) 

Lemma 5.3.5.4. im Xu 7^ (recall that all equalities are in F p ). 

Proof. If not, then eliminating re X 2 i from (4.1.6.H), (4.1.6.2r), we get 
im X 2i (ABiCi + Ai) = 1 - - a contradiction, because im X 2i (ABiCi + Ai) is a 
rank 1 matrix. □ 

So, (5.3.5.1) and (5.3.5.3) imply that 

»2i = ^G 2 i2 (5.3.5.5) 

Analogs of (5.3.1.3) - (5.3.1.5) for the present case (taking into consideration 
(5.3.5.2)) are 

*BllFll2*Bu + 2512^212^11 + 5311^12253*12 + 2312^222^2 = AGui (5.3.5.6) 
»2ii r ii2»ii + 23 2 iF 122 23* 12 = AG211 (5.3.5.7) 

»2ii r ii2»2i = AC221 (5.3.5.8) 

Since G 2 iiFm = and G 2 uFi 2i = 1 (definition of F, G), we get from (5.3.5.5) 
that (5.3.5.8) is always satisfied and (5.3.5.7) becomes Q3i 2 = tGi21- So, we must 
only to substitute these values in (5.3.5.6) and to find Q3n. I think that this is 
always possible. 

Subsection 5.4. Non-coincidence of components of T*(V) for different types of 
Hecke correspondences. 

Arguments like in 3.3.5 show that components of T p (V) do not coincide with 
components of T p ^(V) for any i. 
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For the case % p = T p the theory is similar to the one of Section 3. Analog of 

(3.2.1) is a = a(s) = ( E Q 9 ^ E \ where s E M g (Z) symm and its entries belong 

to a fixed system of residues modulo p 2 , T = T(a) is defined like in (3.2.2). 

Components of T p ^(V) are defined over K p , K p and K . For (7 = 3 the compo- 
nent T Pi o(^)/( cr ) corresponding to a is defined over K 1 iff detT = mod p 2 . We 
call it the special component. 

Proposition 5.4.1. For (7 = 3 the special component of T Py0 {V) does not 
coincide with V itself. 

Proof. We use 3.3.5.1. Really, we shall prove that even the condition 
GV(Qp)^" 1 H G(Q P ) ^ is not satisfied. 

This condition is equivalent to the following one: there exists g = h + k^—A e 
Gv(Q P ), h,ke M 3 (Z P ), such that 

Q; (s) cr ~ 1 has integer entries (5.4.1.1) 

and ord p (det($j)) = 3. 

We have: a( 5 )a^ = p -^£X Ski)) & AAA) iS 

equivalent to the following congruences: 

k = hsE 21 mod p 2 (5.4.1.3) 

Aks + hE 21 = mod p 2 (5.4.1.4) 
Substituting k from (5.4.1.3) to (5.4.1.4) we get: 

hT = modp 2 (5.4.1.5) 

(5.4.1.6) To simplify calculations, we consider a particular value of cr, namely 
a = cr(s), where s = W is from the beginning of the proof of 3.4.3, w\,w 2 £ Z 

/l 0~ 

satisfy wf — w 2 = ^ mod p 4 . We have T = I | mod p 4 , hence (5.4.1.5) 

\0 

is equivalent to 

fr = I * * I modp 2 (5.4.1.7) 




According (5.4.1.3), k must satisfy k = hsE 2 i+p 2 A with A G M 3 (Z P ). Condition 
(3.1.1) 

is the following: 

hTh* +p 2 {V^A(-hE 21 A t + AE 21 h l ) + A(Ash f + hsA 1 )} + p 4 AAE 21 A = XE 21 

(5.4.1.8) 

(5.4.1.7) implies hTh 1 = mod p 4 . Dividing (5.4.1.8) by p 2 and considering it 
modulo p, we get equations in ¥ p (tildes are omitted): 

hE 21 A t = (hEnA*)*; (5.4.1.9) 
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Ash* + hsA f = X'E 21 , 



(5.4.1.10) 



where A' = X/p 2 ^ in F p . 

We denote by h! the 3 x 2-matrix obtained by rejecting the first (zero) column 
of h. If the rank of b! is < 1 then rank of Ash 1 + hsA 1 < 2: a contradiction. If 
the rank of h' is 2 then the set of X such that Xh* = hX* is the set (*\h'a), where 
* means an arbitrary 3 x 1-matrix, | means the operation of gluing of matrices 
and a runs over the set of symmetric 2 x 2-matrices. (5.4.1.9) implies an equality 
AE 2 i = (*\h'a) which gives us A = (*\h'aEn). 

For this A we have Ash 1 = {^h'aEiijsh 1 = h'aEuW 2 h n and hsA f = 

h'W 2 E 11 ah n (here W 2 = ( Wl W2 )), hence the left hand side of (5.4.1.10) is 

\w 2 W\ )' 

h'(aE 11 W 2 + W 2 E 11 a)h n 

which is of rank at most 2 - a contradiction to (5.4.1.10). □ 

Proposition 5.4.2. The special component of T P:0 (V) does not coincide with 
(a) one of general components of T Pjl (V); (b) the general component of T Pj2 (V); 
(c) one of the intermediate components of T p ^ 2 (V). 

Proof. As usually, we denote g = h + k^—A. Obviously, Theorem 2.16 can be 
generalized to the case of different S(g,i) as follows: 

(5.4.2.0) Let a x E S(g,h), a 2 E S{g,i 2 ). Then T pM (V) D((Tl) = T pM {V) D{a ^ iff 
(2.17) holds. 

As earlier we can consider only the p-component of adeles, i.e. (2.17) means 
that there exists g E Gy such that aia(g)a 2 ~ 1 E Gx(%>p)- If &2 are fixed then 
Ag 2 entries of aia(g)a 2 ~ 1 are linear forms of 2g 2 variables hij, kij. We denote by 
L> M = L\ jfl (hij, k^) the linear form that is the (A, //)-th entry of aia(g)a 2 ~ 1 ■ The 
set of variables hij, kij is Q 2g , and the condition that all entries of aia(g)a 2 ~ 1 are 
integer ( all L\^(hij,kij) are integer) give us a Z p -linear subspace in Q 2g . 

We denote this subspace by R; we shall see that R is a lattice. T P:il (V) D ( ai -) = 
T Pi i 2 (V) D(a 2 ) ^ there exists (hij, kij) such that ord p detjj = 0. 

Since we are proving the proposition not for any g but only for g = 3, I recom- 
mend to the reader to get the 4g 2 x 2(? 2 -matrix of coefficients of by means of 
computer calculations. We denote this matrix by M. To prove non-equivalence, we 
shall consider submatrices of M; these submatrices will define us upper bounds of 
R. 

For any component under consideration we consider a fixed value of a = o\ or 
o 2 such that T Pji (V)j^ is equal to this component. For the special component of 
T p fi(V) we take a\ from 5.4.1.6. 

Case A. A general component of T P: i(V). We take a 2 from (4.1.1) with A = U = 
C = (for other general component of T Py i(V) the proof is analogous). Immediately 
from the condition that all entries of aia(g)a 2 ~ 1 are integer we get the following 
table of inferiour bounds of p-orders of h^, k^ (p-order is > of the number in the 
table): 
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h k (5.4.2.1) 

12 3 12 3 

1 10 12 2 

2 -10 -10 

3 -10 -10 

(2.1) , (2,4), (3,1), (3,4)-entries of c^a^g)^ 1 are linear forms of only 4 variables 
hn, ha, i = 2, 3. The corresponding 4 x 4-submatrix of M (i.e. the 4 x 4-matrix of 
coefficients of these forms) is ^M' where entries of M' are in Z p and detM' ^ 0. 
This means that ord p (hn,kn) > 1. This implies that ord p (det$j) > 1, i.e. there 
is no equivalence in this case. 

Case B. The general component of T P ^{V). We take 02 from (4.1.1) with 
A = U = C = 0. Analog of (5.4.2.1) for this case is the following: 

h k (5.4.2.2) 

12 3 12 3 

1 11 2 11 

2 0-1-1 -2 -1 -1 

3 0-1-1 -2 -1 -1 

(2.2) , (2,5), (3,2), (3,5)-entries of aict^cx^ 1 are linear forms of only 4 variables 
hi2, ki2, i = 2,3, and the 4 x 4-matrix of coefficients of these forms has det ^ 
mod p, so ord p (hi2, k i2 ) > 1 

The same is true for variables ^3,^3, i = 2,3 ((2,3), (2,6), (3,3), (3,6)-entries 
of M). 

Finally, treating the (2,1), (2,4), (3,1), (3,4)-entries of M and variables hn,kn, 
i = 2, 3, we get that again the 4 x 4-matrix of coefficients of these forms has det 7^ 
mod p. 

Using table 5.4.2.2 we get the non-equivalence for this case. 

Case C. The intermediate component of T p ^{V). We take 02 from (4.1.1) with 
A = (1 0),U = C = 0). Analog of (5.4.2.1) for this case is the following: 

h k (5.4.2.3) 

12 3 12 3 

1 1 111 

2 -1 -1 -1 -2 -2 -1 

3 -1 -1 -1 -2 -2 -1 

12 entries of aia(g)cr^" 1 (namely, (2,*), (3,*)-entries) are linear forms of only 12 
variables (all except fai*,fci*) and the determinant of the corresponding 12 x 12- 
submatrix of M is 7^ mod p. This implies the non-equivalence for this case. 
□ 

Remark. I think that for other components also there is no coincidence. 
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